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Microwave Filters Employing a Single Cavity Excited in More than One Mode* 


WEL-GUAN LIN 
Division of Electrical Engineering, University of California, Berkeley, California 
(Received October 27, 1950) 


A cavity resonator with input and output couplings represents a two-terminal-pair network with an 
infinite number of natural modes of oscillation. In some cavities of special shape, a number of degenerate 
modes with identical natural frequencies can be found. In a single cavity, various numbers of these de- 
generate modes can be coupled together to form a chain of coupled circuits by perturbing the otherwise 
ideal geometrical configuration of the cavity. The filter behavior is prescribed, and the two-terminal-pair 
network realizing this is obtained by a process of synthesis. 





I. INTRODUCTION 


N a single cavity resonator there are an infinite 
number of modes. Suggestions on the possibility 

of utilizing some of them to form a multimode coupled 
circuit by means of a single cavity have been made,! 
with the advantage of saving space, weight, and cost. 
An experimental model of a two-mode filter has been 
described in the literature! This employs two per- 
pendicularly polarized T-E,:; modes to give the equiva- 
lence of two tuned circuits of a two-stage coupled cir- 
cuit. One cavity or one iris is thus saved, but the single 
cavity is more complex. The full advantages of the 
principle can be realized only when we can control 
more than three modes in a single cavity. 

The purpose of this report is to carry through the 
theoretical analysis to investigate the number of modes 
that is useful for our purpose of deriving a multimode 
filter. 


Il. A SINGLE CAVITY EXCITED WITH MORE THAN 
ONE MODE 


1. Number of Possible Useful Modes in a 
Single Cavity 


The interaction between the free oscillations of two 
tuned circuits depends on the coupling coefficient and 
on the ratio of their complex resonant frequencies. The 


* This work was done at the University of California Antenna 
Laboratory under ONR Contract N7onr-29529. 

1G. L. Ragan, Microwave Transmission Circuits (McGraw-Hill 
Book Company, Inc., New York, 1948), M.I.T. Radiation Labora- 
tory Series, Vol. 9, pp. 673-677. 
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closer the two frequencies are to each other, the less 
coupling is needed to transfer energy between the two 
circuits. In the problem of coupling together the various 
resonant modes in a single cavity resonator, the co- 
efficient of coupling is inherently low, because, in an 
ideal region of simple geometrical configurations en- 
closed by perfectly conducting walls, orthogonality 
exists among the infinite number of modes, so that no 
energy transfer is possible among the modes. To produce 
coupling among the various modes, small perturbations 
in the otherwise ideal cavity configuration are intro- 
duced, and this perturbation must be small if small- 
perturbation theory is to be applied. Therefore, the 
modes of a single cavity which could be useful for our 
purpose of filter circuits must possess the same resonant 
frequencies or, in other words, should be degenerate 
modes. 

For a rectangular cavity resonator bounded by per- 
fectly conducting walls at x=0, a; y=0, 6; z=0, c; the 
resonant wavelength for both the TM and the TE 
waves is given by 


A=[(1/2a)?+ (m/2b)?+ (n/2c)? J, (1) 


where /, m, and m are the integer indices, one but not 
two of which may vanish. Moreover, n=0 is not al- 
lowed for the TE waves. 

It can readily be seen that a=b=c gives numerous 
numbers of degenerate modes with identical natural 
wavelengths. Because when X is fixed, given by 2a/N, 
N*=P+m’+n*, and as WN is made larger and larger, 
there exist more and more possible combinations of 
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Fic. 1. Natural wavelengths of a circular cavity. 


integers J, m, and n. For a given set of |, m, and n, there 
are six distinct permutations; this together with the 
fact that Eq. (1) characterizes both TE and TM waves 
makes the number of degenerative modes twelve when 
n=0, and ten when #0 (TEimo and TEnm are not 
allowed). However, we should observe that, for a given 
X, the linear dimension a is larger the higher the order 
of degeneracy is; therefore, the number of modes that 
is practical is still limited. 

For the next case of a cylindrical cavity bounded by 
the cylindrical surface r=a and planes z=0 and z=c, 
the natural wavelength is given by 


X 2 
a [Xim?+mx?/(c/a)*}* 


where » is an integer, and X;,,, is the mth root either of 
J,(X) for the TM waves, or of J;'(X) for the TE waves. 
Here n=0 is not allowed for the TE waves. 

In Fig. 1, \/a (of Eq. (2)) is plotted as a function of 
the ratio //a for some of the lower modes, n=1. It is 
readily seen that any mode that is not axially sym- 
metric is twofold degenerate, i.e., two identical modes 
with perpendicular polarizations. At A, \/a=2.02; the 
two TEj’s and. the TMo give another case of de- 
generacy. At points such as B and C, we have four 
modes of the same \/a-ratios, i.e., two TEy1, (even and 
odd) and two TMi (even and odd) at B, and two 
TE, and two TM. at C. At point D, we have five 
modes: one circularly symmetrical T’Eo:, mode, two 
TM i modes with perpendicular polarizations, and two 





(2) 


T'M 129 modes also with perpendicular polarizations, As 
we go further down in the graph, we will find many 
points where there are five modes of the same /a-ratig 
(wherever the functions Jom(X) and Jim'(X) have the 
same zero) ; however, no point can be found with mor 
than five modes, for m= 1. When 1 is allowed to take on 
values greater than one, the number of degenerate 
modes can be increased. For instance, at the point 
where the A/a curves of the TEomn and the TE, 
meet, together with their dual TM modes, we have six 
degenerate modes. At this point, however, the size of 
the cavity is considerably increased, as can be seen by 
letting m=2, n=1, m’=1, and n’=2. Thus, we shall 
confine our investigation to cases where n=1. 
For a spherical cavity, from 


cos 
sinm®¢, 


the basic wave solution for such a cavity, and from the 
fundamental boundary condition, we obtain the char. 
acteristic values of both the magnetic and the electric 
modes, respectively, with the following equations: 


jnlkr) = (4/21) n44(ker) =0, 
Ckrj,(kr) |’=0. 


These two equations possess distinct roots. Therefore, 
all the degenerate modes belong to the same type of 
waves, either magnetic or electric. For each type of 
wave, subject to condition (3), there are the even and 
odd modes in the ¢-variation (except m=0). In the 
6-variation, there are m+-1 degenerate modes. Thus, for 
a particular characteristic number ka, there may be as 
many as 2n+1 degenerate modes. 

The circular cavity is actually a limiting case of an 
elliptical cavity, so that the latter cannot be employed 
to give more degenerate modes. All other cavities of 
various geometrical configuration, such as coaxial or 
biconical cavities, likewise do not give more modes. 
They are, moreover, difficult to make. 


r\? 
(=) J n+i(kr)P.™(cos6) 
2r 


(3) 


2. A Single Cavity Excited with Two Modes 


Let the circular cavity supporting the lowest mode 
be end-on coupled to two rectangular guides, sup- 
porting only the dominant mode, through small irises 
in the centers of its two end plates. The two broad 
faces of these guides are, however, 90° to each other. 
Theoretical and experimental? investigations point out 
that there exist two resonant modes in the cavity with 
perpendicular polarization; i.e., the angular variation 
is sind for one and cos@ for the other, each being in 
alignment with the exciting mode in the exciting guide. 
No coupling, then, exists between these two modes, nor 


2W. W. Balwanz, “The resonant frequency of a cavity-type 
filter as a function of the size of the coupling iris,” NRL Report 
R-3399, Naval Research Lab, Washington, D. C. (1949). 
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any between the input and the output guides in the 
ideal case free from any irregularity in the cavity. 
Coupling will exist between them, however, when the 
ideal case is disturbed. To find the coefficient of 
coupling, we start with free oscillations. Assuming that 
only two modes, a and 6, are excited, the field in the 
cavity is given by 
H=AH.+BA,, 
E=CE,+DE,, 


(4) 


where 
a= [E-Ban, C= [BoB etc., 


and A, and E, are normalized functions which have 
been defined by Slater* as follows: 


—_ 1,a=b “ ‘ 
[B.Bun = » kE.=VXH,, 
A 0, a~b 
— 1,a=b ” is 
[Ae fao= ; kH.=VXE,, 


(5) 


where kq is the characteristic constant for the par- 
ticular function. 

Now we perturb the cavity boundary by pushing a 
small portion of the boundary surface into the cavity 
(by inserting a small screw, for instance). In the small 
volume between the original surface and the perturbed 
surface, the final EF and Af will be zero. There exists 
then a surface current, equal to iH, corresponding to 
the discontinuity of H. Putting Eqs. (4) into the result 
of the method of orthogonal functions, Eqs. (III, 42, 43) 
of Slater’s paper,® we have, over the small perturbation 
surface, for a time variation of e7“*, 


(ow?) A=[oe/(uvee)"] f axA-Euta, 
Ss’ 
(6) 
(w?2—w*) B= [on/(uoen)8] f nXH -Eyda. 
If the perturbation is small, the perturbed field is very 


nearly equal to the original field, and we can then 
substitute the value of H from (4). We then write: 


+B J axH-B,da. (7) 


The integration is carried over the small perturbation 
surface S’. The integrations on the right can be trans- 





*J. C. Slater, Revs. Modern Phys. Vol. 18, 441 (1946). 


formed further by converting surface integrals into 
volume integrals and by expanding the divergence of 
the cross product of two vectors, 


[w?—w,?(1-+m) ]A —[w*p—wawnrg |B=0, 
— [wr?p—wawsg ]A+[w?—w?2(1-+) ]B=0, 


where we have written 


(8) 


m= f (H2—E,?)dv, n= | (H?—E,*)dr, 
Vv’ 


Vv’ 
p= [ He-As, q= f Be Buin 
iad Vv’ 


When the two modes a and 8 are identical, w.=u, 
=wo, and if the coupling screw possesses such sym- 
metries that m=n, we have, from (8), 


w= wo"L1+m+ (p—9q) ] 
=wo?(1+m) {1+[(p—g)/(1+m)]}, 
wwo(1-+m)*{ 1+[(p—9)/2(1+m) ]}, 
when #, g, m1. 


Comparing this result with the conventional coupled 
circuits tuned to the same resonant frequency, it is 
seen that the modes in the cavity have a coefficient of 
coupling 


k= (p—q)/(1+m). (10) 


The perturbation of the surface changes also the 
resonant frequency of each mode slightly. 

Thus, we see that the input or the output guide 
together with its excited mode is represented by one- 
half of the circuit of Fig. 2(a). They would be inde- 
pendent of each other, were there no perturbation in 
the cavity proper. The coefficient of coupling M exists 
because of the insertation of a coupling screw, pro- 
ducing the required perturbation. This is then the 
equivalent circuit of our filter, 5; and 5; being the dis- 
continuity susceptances between the input and output 
guides to the cavity, respectively. Figure 2(b) is ob- 


c MekL C 


in 
@ @ jb, B: 30 fin 


ofa PEE} 


Fic, 2, The equivalent circuit of a single cavity excited 
with 2 modes. 
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YEE) 





Fic. 3. The equivalent circuit of a single cavity excited 
with 3 modes. 


tained from Fig. 2(a) by transforming the shunt coil 
into a loss-free transformer and by neglecting quantities 
of the order of 1/5, in the series loops. 


3. A Single Cavity Excited with Three Modes 


At point A of Fig. 1 there are two TE:, modes and 
one 7Moio mode with identical \/a= 2.02. Now, if the 
circular cavity of the preceding section (Sec. II, 2, 
Eq. (2)) is so scaled that the ratio \/a is just 2.02, and 
if two coupling screws are inserted at each end of the 
cylindrical guide wall, each in line with the maximum 
electrical intensity of the input and the output rec- 
tangular guides, then in the round cavity there will be 
two orthogonal 7'E;;; modes, each corresponding to one 
of the input and output guides, and one TMo1 mode. 
There is no coupling between the TE) mode in the 
rectangular guide and the TMo mode in the round 
guide, because at the central hole, the tangential 
magnetic field of the latter mode vanishes, and former 
mode has no £,. Also, there is no direct coupling be- 
tween the two orthogonal TE, modes when the 
coupling screws are so located and are 90° apart. Any 
coupling between the input and output circuits is 
through one TE to TM ow, and TMo.w to the other 
TE\1:. We thus establish an over-all system of a chain 
of three resonant circuits, represented by Fig. 3, where 


ki2= (P12—Gi2)/(1-+-m), 


(11) 
kos= (p2s—G23)/(1+- m2), 











ate —we 7 














Fic. 4. Coupling between rectangular guides and the round 
cavity for a 4-mode filter. 


TaBLE I. Nonvanishing field components for the 4-mode 
cavity (point B of Fig. 1). 
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SCREWS 


(12) 


where E; and A; are the normalized field intensities 
evaluated at the tuning screw. 


4. A Single Cavity Excited with Four and 
Five Modes 


To correspond to B (also C) of Fig. 1, we take Fig. 4, 
where two rectangular guides are coupled to the cavity 
through two holes 90° apart on the cylindrical wall. 
The broad face of the former is parallel to the longi- 
tudinal axis of the latter. The two guides are per- 
pendicular themselves. In Table I, we tabulate the 
nonvanishing field components at some favorable points 
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Fic. 5. Coupling between rectangular guides and the round 
cavity for a 5-mode filter. 
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where we are going to introduce the perturbations to 
effect the couplings for the modes of point B. The vari- 
ous coefficients of coupling are given by 


qij)/(1+m;:) (13) 


where mi, Piz, and g.; are given by (12). 

The case of point D in Fig. 1 is realized by the ar- 
rangement shown in Fig. 5. The transverse magnetic 
field in the rectangular guide is aligned with the azi- 
muthal component of the magnetic field of the TM 429 
mode in the round cavity. In Table II, the nonvanishing 
field components of the various modes at some prefer- 
able points are again given, and the coupling coeffi- 
cients among the modes are examined. 


Ris= (pis— 


TaBLE II. Nonvanishing field components for the 5-mode 
cavity (point D of Fig. 1). (Ji(*1)=J.(3.832)=0; Sila) =Ji 
(7.0156) =0.) 
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From Tables I and II, the exact equivalent circuits 
of the 4-mode and the 5-mode cavity are derived, re- 
spectively, and they are represented by Fig. 6 and Fig. 7. 


5. Prescription of the Filter Characteristics 


The equivalent circuits of a single cavity excited 
with various numbers of modes are all band-pass filters 
whose characteristics can be obtained from a prototype 
low-pass with a cut-off frequency of one radian per 
second, according to the principle of frequency nor- 
malization. The prototype structure of Fig. 8 is trans- 
formed into a chain of coupled circuits such as the one 
of Fig. 7 when the frequency transformation, 


x= (wo/ W) [ (w/wo) _ (wo/w) | (14) 


is made, where wo is the resonant frequency and W the 
bandwidth. When we identify Fig. 7 with Fig. 8, we 
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Fic. 6. The exact equivalent circuit of a 4-mode filter. 
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Fic. 7. The exact equivalent circuit of a 5-mode filter. 


have 
r=(L/C)W, 


Xo? = LW?/ LoCo = X YC 2 / LoCo, 
X ong? = LW?/LoCoegi= xC 2/ LoCo, (15) 
Xnpv=WLR/L,=XYCiR/L, for 
’ Xny2=WL/RC,=X2C1/RC, for 


n even, 


n odd. 


The insertion loss characteristic of Fig. 8 can now be 
prescribed ; let 


Ln=10 log(Po/P1).=10 loglit+#T,2(x)], (16) 


where T,,(X) is the Tchebysheff polynomial of nth de- 
gree, and /” is an arbitrary constant which controls 
the tolerance in the pass band. When h is small, the 
maximum insertion loss in the pass band is 


Lmax= 10 log(1+42)=4.23h2, for W<1. 


a. Two- and Three-Mode Filters 


The actual values of the circuit elements of Fig. 8, 
for the cases of n=2 and n=3, can be solved by the 
elementary circuit theory. Thus (refer to Fig. 2(b)) 
symmetry consideration gives X;?=X;7, and, conse- 
quently, 


R= L./Ci, 
h?= (1—R)2/4R, (17) 
2=2(1—R)/R. 


The choice of elements C, and R is controlled by the 
pass-band tolerance h?’. 


For the case of n=3, symmetry requires X,?= X;?, 
or R=C,/C; and C\=C;, or R=1. The expression for 


in Le La Ln 


F Cy hae tes ten R 








Fic. 8. A prototype low-pass filter. 
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P,/P ris 
Po/Pir=14+3L LC 2x3 — (2C:—L2)xP. (18) 
Identifying the coefficients of the quantity inside the 
bracket with those of 7;(X), we have 
L,C?=4, 
2C,— L;=3, 
one solution of which is (the other two roots form a 


complex pair) a 
1-3-4, 


To treat the cases of n=4 and 5, we define the power 
insertion loss Po/P , as 


L= Po/Pi=|p(Gw)|’, (20) 


where p is the voltage insertion loss ratio, i.e., the ratio 
between the voltages across the load resistance with the 
network interposed and with an ideal transformer in- 
serted and adjusted for a match maximum power 
transfer; and the reflection coefficient is 


I(p)=(1—Z(p) /L1+Z(p)], p=otjw, 
the complex frequency, (21) 


where Z(p) is the input impedance of the terminated 
network, I’ being related to the power insertion loss 





ratio by the following equation: 
Po 1 


, 
Py, 1—|T(jw)|? 
or 


| TP Gw) |?= 





(22) 


(1+-1/Po/Px)’ 
and from (21), 


Z(6)=(1+1(¢) /Li-T()]. (23) 


Since Z(p) is positive real, |T'(p)| <1 for Re(p)>0, 
Also, ['(p) is analytic for Re(p)>0, because 1+Z(p) 
cannot vanish on the imaginary axis if Z(p) is real 
positive. The poles of '(p) and zeros of p(p) are, there. 
fore, confined to the left-half p-plane; thus, for a given 
L(w), from (22), the poles of ['(p) and consequently 
L(p) itself can be found if L(w) has no finite poles, 
Similarly, p(p) can be found from (20). Then Z(f) is 
obtained from (23). The network realizing this Z(), 
and thus realizing the prescribed characteristic, is to be 
obtained by a process of synthesis. 

For the four- and five-mode filters, let 


Ly= 1437 2(x) = 14+3(8x!—822+1), 
Ls=14372(x) =14+3(16a5— 2002+ 522, 


so that the pass-band tolerance is about 1 db. By 
locating the roots of p(p) from (24) and those of Z(p) 
from (22), we have 


(24) 


pa(p) = 4(p*-+-0.96p*-+ 1.46f2+-0.75p+0.28), 


ps(p) = 8(p>-+0.944 p+ 1.696 p?-+-0.983p?+-0.585p+ 1.25), 


p+ p?-+0.125 





~ (p*4+-1.46p°-+0.28)-+ (0.96 p?-+0.75p)’ 


p>+1.25p°-+0.312p 





To realize the networks giving these two reflection 
coefficients, we find that 


1/Z4=2.083p+1/1.068p+1/2.83p 
+1/2.83p+1/0.785p+0.383, 

1/Zs=2.1186p+1/1.0964p+1/2.969p 
+1/1.0964p+ 1/2.1186p+1, 


27) 


respectively, for the cases of n=4 and n=5. The proto- 
type structures in Fig. 9 correspond to Eqs. (27). 

The dissipation is taken into account by assuming 
that the complex frequency p possesses a small but 
constant real part 5; and the dissipative insertion losses 
are as follows, neglecting terms involving 6 of higher 
power than the third, h=1 for n=2 and h=} for all 


~ (0.948p'-+-0.96p?-+.0.125)+ (p5-+1.7019?+0.5897p) 





in 1.068 785 












C Cc 
(a) , i @ 
2.083 ]283 mM 

in 1.0964 1.0964 





Ci C3 Cs in 


(b) = 
2.1186 29698 aise 








(a) n=4, C,Lo= C3l4* C,R s La 
(b) n= 5, Lo = baC,= Cs 


Fic. 9. Prototype structures for the 4- and 5-mode filter. 
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the others, 
Le'=4{ (P+0.6445-+-0.707 — 2?)?+ (0.644+ 26)*x*}, 
Ly'=4{ (8+ 8+ 1.255-+0.5— (35+ 1)a*P (28) 


+2°[ 36+ 25+1.25—27 }, 
L,'=64{[(55+0.944)a4— (108*+- 5.668°+- 5.095 
+0.983)22+ (1.6965*+-0.9836-+0.5856 
+1.25) P+2°[ (46+0.96)2*— (2.888? 
+0.2925+-0.75) F}, 
Ly’ =64{[(58+-0.944)a4— (108° 5.665°+ 5.095 
+0.983)«2-+ (1.0965°+0.9838?+0.5856 
+0.125) P+ 24[a*— (106+ 3.785+ 1.69)2? 
+ (3.778+5.0962+ 1.9665+0.585) F}, 


§=R/L=(wo/w)1/Q. (29) 


6. Coupling Elements of a Cavity Excited 
with Multimodes 


Equations (14), (17), (19), and (27) give complete 
design data for our cavity filter. To obtain the actual 
coupling design, the value of L for each cavity must be 
evaluated explicitly. Let a cavity be formed by closing 








o— 5°] 

jb, jb, 

© —O 
_ pg — 





Fic. 10. The transmission line equivalent of a single 
cavity in wave guides. 
a piece of wave guide by two end plates on which there 
are coupling devices, such as irises, etc. Then we have 


the circuit of Fig. 10 with open circuit admittances By, 
and Bz as follows: 


“OE-ONT 








l > 
bo+ tan| ("we | 
c 
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1—b, tan| (ora) | 
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L 
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At w=wo, the resonant frequency, both By and Bo» 
vanish. The proper length, /, of the cavity can be 
found from 


l bitbd. 1 
tan|-(*—w2) =———— for b.>bd:>>1, (31) 
c bibs—1 by 


and the slopes of By, and By: at w=wo, their common 
zero, are given by 
dBy;/deo| » =o = nal (by?—1)/ (wo? —w2)*](€/p)!, (32) 
dBe2/dw| w =«o= dBy;/dw| @ =wy 


for large values of 5; and dp. 


Now we know that, for a cavity coupled with two 
wave guides. 4 


Ly/we?M = 3€By;/dw| o =w0 


Li € 3 b;? 
—= inr(~) (33) 
X? BF w(l—w2 Jaa?) * 


Substituting the value for X;? from (15), we have 
b= (2C1/nr) (wo/w)(1—w2/w*) (u/e)*(L1/L) 
X {1-w2/w?}4. (34) 
But L is already normalized, i.e., 
L=Ly/(u/e)4[1— (@./w)* }. (35) 


Therefore, the end result is 


Oi bets a ra pes 


We see that this value of 5; is normalized with respect 
to the guide impedance that forms the cavity proper. 
However, for subsequent work we need the value of 
|b,| normalized with respect to the input and output 
guides, which for symmetrical operations are identical ; 
therefore, we should write, in that case, 


[br] =[AgA/ (Ag)? ]{ (2C1/ma) (wo/w)}4, (37) 


where A, is the guide wavelength in the coupled 
guides, and A,“ is that in the cavity proper. This 
change of scale is justified once we assume the pass 
band is small so that we can neglect the frequency 
sensitivity of the coupling susceptances. 

From Eqs. (15) we find that 


k= (W/ wo) [RC ry 
kyp= (W/ wo)LCiL2 14 
kos= (W/wo)[L2C3}4 
ki2= kya= (W/w) [LC if? ' (38) 
b= (W/w) ELCs for 4-mode cavity 
Rio= Ras= (W/o) [LCi }? 


kos=kyg= (W/wo)[L2C3}7 
*S. A. Schelkunoff, Proc. Inst. Radio Engrs. 32, 83 (1944). 


or 





for 2-mode cavity 


for 3-mode cavity 


for 5-mode cavity. 
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Fic. 11. Equivalent circuit of the coupling between a radial and 
a uniform transmission line. 


7. Small Hole Coupling between Rectangular 
Guide and Circular Guide or Cavity 


In our filters we use rectangular guides for the input 
and output lines, coupled to the circular cylindrical 
cavity by inductive irises either on the end-plates or 
on the cylindrical wall of the latter. Now we will give 
the discontinuity susceptance to be added to the trans- 
mission line circuit. We will assume that the coupling 
holes are small so that the field in the hole is constant 
and that the effect of the hole can be replaced by mag- 
netic and electrical dipoles by following Bethe’s line 
of reasoning in his studies® of small holes in an electro- 
magnetic field. 


a. End-On Coupling between Rectangular and 
Circular Guides 


Let a wave be incident from the rectangular guide. 
In the circular guide there will be a transmitted wave 
through the hole, and a reflected wave is also set up in 
the rectangular guide. The mth normal mode H- and 
E-vectors in the guides are normalized: 


fitutras- 1, (39) 
8 


f |B in| *dS=Zo,2, (40) 


where Zon= (u/e)*(A,/A) is the wave impedance for the 
mode which has been taken as a TE wave. 


5H. A. Bethe, Phys. Rev. 66, 66-163 (1944). 


In the rectangular guide we have an incident waye 
and a reflected wave; in the circular guide we have a 
single transmitted wave. We then apply Lorentz’s re. 
ciprocal theorem to the circular guide. In the hole the 
field is taken as the sum of the fields on both sides of 
the hole. The magnitude of the transmission coefficient 
is found, 


T=2(1—(Hat/A at) 
+j(—dp/2eH aA}. (41) 


For small holes the discontinuity susceptance is large: 
thus, the normalized susceptance is given by 


b= — (A /2eM)(1/H at As) 
=0.467[\, (wR°ab)*/d*], (42) 


where M=4/3(}d)*, and d=diameter of the hole. The 
field components H,:, etc., are defined by (40); quan- 
tities with subscript a refer to those in the transmitting 
rectangular guide, those with subscript 6, to the re- 
ceiving circular guide. The former has a width a and 
height 5, while the latter has a radius R. 


b. Coupling between a TE) Mode in a Rectangular Wave 
Guide and a TM, Mode in a Circular Cavity 
through a Circular Hole in the Side Wall of 
the Circular Cavity 


Let the narrow side of the rectangular guide be in 
the direction of the longitudinal axis of the cavity, as 
shown in Fig. 11. In the rectangular guide there are 
three field components, H,’, E,’, and H,’, which will 
excite the Hy, E,, and H,, respectively, in the circular 
cavity. We will consider the cavity as a radial trans- 
mission line supporting a 7Mj2 mode alone, coupled 
through an inductive admittance to another uniform 
line supporting the dominant TE) mode. In Fig. 11 
we show the coordinates of the coupled system and the 
equivalent circuit. Energy is considered to be originated 
in the radial line, propagating through the coupling 
element to the uniform line. 

Now the radius of curvature of the cavity wall is 
large compared with the linear dimension of the coup- 
ling hole, because we are handling only small holes 
compared with the wavelength, so the field distribution 
inside the cavity in the neighborhood of the side wall 
is the same as that in a rectangular guide of width 
a’= nr, and height b’=/. So, for the first approximation, 
we can treat our present small hole as one that couples 
together two rectangular wave guides of different 
transverse dimensions, and the result given by (42) is 
valid here; 

b= — (3d,/d*)(abrol/4r)!. (43) 


Ill. APPLICATION TO FILTER DESIGN 


Before taking up sample designs, we will review the 
assumptions we have made or implied and discuss their 
justifications. There are four main assumptions: (a) the 
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isolation of the coupling discontinuity or iris; (b) the 
perfectly circular cavity surface; (c) parallel end plates 

ndicular to the longitudinal axis of the cavity; 
and finally (d) small perturbations, i.e., small coupling 
holes (¢/A<1) and small screws. 


1. Isolation of Discontinuities 


In the first case of our problem in which a round 
wave guide of 3A, in length is closed at both ends, the 
feld intensities at one end plate of the higher mode 
generated at the other are being attenuated by a factor 
exp —aA,/2] with 


$arg= mL (Ae/Ae’)?(A/Ae)?— 1 ]8/L1— A/A)*}#, (44) 


where A,’=(27/Xmn)@ is the cut-off wavelength of the 
high order mode. 

For good isolation of the discontinuities at the two 
end plates, the value of (A/A.), Eq. (44), should ap- 
proach unity; i.e., the cavity is operated near the cut- 
off condition. However, under this operating condition, 
the Q-value of the cavity is very low. On the other 
hand, poor isolation of the irises on the end plates in- 
troduces the undesirable direct coupling and conse- 
quently decreases the attenuation in the stop-band. 
Hence, appropriate compromise must be made in 
choosing the operating condition. 

In our experimental model of the 2-mode filter, we 
will so choose the diameter of the cavity that the Q- 
value is nearly maximum. The attenuation constant for 
the first higher order mode, TEp,, is estimated to be 5, 
which is considered as satisfactory for good isolation 
of the two discontinuities. 

In both cases of the 3- and 5-mode filters, the dimen- 
sions are fixed for the coexistence of the degenerate 
modes. For the 3-mode case, the value of (44) is slightly 
less than 5. For the 5-mode filter, if we follow the line 
of reasoning postulated in Eq. (7), we have then a case 
of two discontinuities spaced by a distance }7a in a 
rectangular wave guide of height 6=/. Therefore, the 
ratio of the distance between the two discontinuities to 
the height of the guide is about.3, giving a value of the 
attenuation constant, Eq. (44), considerably larger 
than 5. 


2. Ellipticity of the Cavity Wall 


When the circular cavity possesses a slight ellipticity, 
the even and the odd modes will both suffer changes in 
natural wavelength, but by different amount.*.? To 
consider the allowable amount of change of the natural 
wavelengths of the various modes, we recall that, for 
small detuning, the detuning causes the relative trans- 
mission to decrease, and the effective coefficient of 
coupling to increase to the value given by 


Rett=(k?+ (A/fo)* 3, (45) 


*L. J. Chu, J. Appl. Phys. 9, 583-591 (1938). 
"L. Brillouin, Elec. Commun. 16, 998 (1938). 


where k’ is the actual coefficient of coupling, and A is 
the difference between the resonant frequencies 'of the 
tuned circuits. The detuning will also make the attenua- 
tion curve of the tuned-circuit filter slightly unsym- 
metrical when the two tuned circuits do not have the 
same Q-values. 

In order to realize the prescribed behavior of the 
filter, the effective value ke; in Eq. (45) is set equal to 
the desired value of & for exact tuning. It is then neces- 
sary that 


A/fo<k (46) 


so that kere will not be greater than k. Equation (46), 
therefore, serves as the criterion of the amount of de- 
tuning and consequently the percentage of ellipticity 
allowable. Investigations into the actual modes em- 
ployed bring out the fact that the ellipticity resulting 
from any reasonable manufacturing deviation in a 
cavity intended to be circular will not have serious 
effects on the behavior of the filter. 


3. Parallel End Plates Perpendicular to the 
Cavity Axis 

The deviation of the two end plates of the cavity 
from perpendicularity with the axis introduces again 
the frequency shift (and thus detuning among the 
modes) and the undesirable direct coupling among the 
modes. 

Let the two end plates be given by 


2=d,taix+Biy, 
‘ (47) 
2=do+ l+-a2x+ Boy, 


where the a’s, 6’s, and d’s are small quantities measur- 
ing the degree of deviation from the ideal case. When 
they all vanish, we have the ideal case z=0 and z=. 
To investigate the first effect, we make use of Eq. (9), 


A fa E2dV (48 
f/f m= fa 2aV, ) 


dV = 2dA =[d,+ (a1 coso+; sing) ]da, 


where v’ denotes the difference volume between the 
deformed cavity and the original unperturbed cavity ; 
H,; and E; are the normalized field components, evalu- 
ated at the unperturbed boundary enclosed by the 
difference volume: 


Af/f= (pr /RP)(d,/l), 
p=0,1,2,3,--- for 
p= 1, 2, 3, eee 


TM mnp (49) 
for Tue 
Taking the second end plate into account, we have 
Af/f=(px?/RP)[(di—d2)/1] 
= p(d/21)*((di—dz)/2]. (50) 
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Now if we take Eq. (2), for a small increment in the 
length /, we can derive the change in the natural wave- 
length and arrive at the same Eq. (50). Thus, the con- 
trol of the tolerance in d, and d, is actually taken care 
of, by requiring the adherence to the tolerance of the 
length of the cavity. In our case of the 5-mode filter, 
by specifying that the relative detuning between the 
TMi and the TM, be less than the coefficient of 
coupling between these two modes, we find that the 
length of the cavity must be scaled to approximately 
the last thousandth of an inch. 

Tilt adjustments, though not critical in causing fre- 
quency shift, nevertheless are important in the spurious 
coupling between certain modes, namely, between the 
TEonp and the TM ;,, modes. To make this point clear, 
we take Eq. (13) (the factor m;; becoming zero for this 
case), 


by= f Be Ade— f BeBe 


= (a/V2X\;)(A/1) for TEou and TMin 
na (8/V2X 11) (A/D) for TEou and TM. (13a) 


Let the actual tilts at the edge of the end plate at 
the X and the Y axis be, respectively, /; and /,. Then 
a=1,/a and B=/./a, and Eq. (13a) becomes 


k=[1/v2(3.832) ](/a)(L,/2) 
between TEou and TM, 


=[1/V2(3.832)}(/a)(2A) (51) 
between TEo:; and TMy, 


and the order of magnitude of tolerance in the tilt 
adjustments again can be estimated. 


4. Sizes of Coupling Screws and Irises 


In the theoretical analysis of the preceding sections, 
a simple theory of the unloaded cavity with no. dis- 
continuity was first established. Small perturbations 
were then introduced. The effect of the small perturba- 
tion was utilized to set up the filter circuit. One would 
immediately wonder as to how small the perturbation 
had to be in order for the field distribution to remain the 
same as that existing according to the simple theory. 
Experimental work shows that the sizes of coupling 
screws are not critical at all. That screws of reasonable 
size can be employed without any deteriorative effect 
can be justified from the fact that we deal mainly with 
sinusoidal and first-order and first-kind bessel functions, 
both of which are regular at their zeros and have fairly 
broad maxima. Further experimental evidence® indi- 
cates that an iris diameter as large as approximately 
three-tenths of wavelength (i.e., the narrow dimension 
of the usual rectangular wave guide) is suitable for 
transmission with negligible loss when using the TEo 
and the TMi modes. Therefore, Bethe’s diffraction 


theory of small holes is believed to be useful at least 
up to this dimension. 


5. The Design Problems 


The design problems for the 3-mode filter will be 
discussed in detail to bring out the important Point of 
frequency correction due to screws and irises, and the 
modification of the actual dimensions of the cavity to 
account for them. 

First we take one of the two identical TE\,)’s, in 
Eq. (31); let 


l= p(d,/2)—e(A,/2n), (S2) 


where e is a small dimensionless number, then we have 


When 3, is negative or when the iris is inductive, ] is 
less than p half-wavelengths. In our existing problem, 
the cavity is also coupled through a hole to a second 
rectangular guide whose broad face has been turned 
90° with respect to that of the first guide. Therefore, 
the former guide is called upon to propagate the mode 
TEp instead of the dominant TE\. mode; and there- 
fore, as this second hole introduces only a small per- 
turbation effect, we can then assume 5.>>d,. For the 
same reason, the two holes on the end plates and the 
two screws produce only perturbation effect to the 
TM mode. Thus, for both the TE}; and the TMpy, 
the corrected frequency is (there is only one per- 
turbation hole to each of the two TE,1; modes) 


wi=wol_1+3(miit+Ci:)] i=1,2---, (54) 
with 


mii= f (H?—E?)de= DY (H?—E?)V si, 


screws 


Cu=2 Dd holes( MH ?— PE}?), 


when the holes and the screws are small, and, conse- 
quently, the fields are nearly constant over the holes 
and the screws. Here H; and E; are the normalized 
fields to be evaluated at the holes and at the screws; 
M and P are given by Bethe as 4/3(4d)* and 24d) 
respectively. 

Thus, for either of the two TE,;; and for the TMoy, 
we have, respectively, 


mi+Cu=(16.8/V)(A/A,)*{ (V./10)+ (d/16)}, 
mo+C22= (1/V){2V,—0.5734*} (55) 
= 2.5k—(0.0182/R|b}). 


From these equations we find the relative detuning 
between the TE,1; and TM, recalling that \=2.6la, 
A= 2/=4.04a, 


26w/wo= (miut+-Cru1)— (m2+Co), (56) 
5w/w = (1/2V) {0.603d*— 1.296V,}, 
5w/w= —0.778k+ (0.0096/ | 5| R), 


(57) 
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where R is in inches. To correct for this small detuning, 
we can lengthen the cavity slightly to decrease the 
resonant frequency of the TE,:; mode. The change in 
length does not change that of the 7Mo 0 mode. If we 
take = 4A, originally, then we have 


dl/1= — (Ag/d)?(dw/w)= —2.4(dw/w); (58) 
and the final length of the cavity is 
1=$dL1+ (1/xb’)+2.4(50/c)], (59) 
b’= (Ag /Ag)b, 
5w/w= —0.778k+ (0.0096/| 5! R). 


For the case of the 5-mode filter, (43) gives the dis- 
continuity susceptance between the TE, in the input 
or output line and the 7M 2 mode in the cavity. 

We next will find the change of the natural wave- 
length of the mode 7'M 129. The condition for resonance 
is: the total admittance at r=r2+0 (looking into the 
iris) should be zero. And we have 


y+jbi=0, (60) 


where y is the relative input admittance at r=r2 of a 
radial transmission line open-circuited at r=0, and y is 
given by® 


where 


y= —jlJ1'(kr)/Jilkr)] (61) 
or, substituting in Eq. (60), we have 


Jy'[2mr/d] by 


To solve for r/X we introduce a small dimensionless 
number e. We put 


r2= (7.02/2m)A(1+ (€/7.02)]], (62) 


and we have 


J (7.02+)/Jy'(7.02+¢)=+1/b,. (63) 


Taking the Taylor series expansion of the bessel func- 
tions of the first order, at the neighborhood of the 
second root 7.02, for small values of e, we have 


= 1/(b;—1/7.02). (64) 


Having corrected the radius r2 for the 7Mi29 mode, 
we have to adjust the length in order to make the 
modes 7M,;; and TE; in tune with the former mode. 
To do this, we take, for the 7M ,, and the TEou, 


A= 2n[_(3.832/a)?+ (x2/P) P, (65) 
and to make AA=0, we must have 
Al= (3.832/2)?(P/a*)Aa 


or (66) 
Al/l= (3.832/2)?(l/a)?(Aa/a). 
*Montgomery, Dicke, and Purcell, Principles of Microwave 


Circuits (McGraw-Hill Book Company, Inc., New York, 1948), 
M. I. T. Radiation Laboratory Series, Vol. 8. 


However, for each mode there is still the frequency 
change due to the perturbation screws and one or two 
perturbation holes. Thus, for the 7Mj29 there are four 
screws and one hole. For both the 7M, and TEoy 
there are four screws and two holes. The fractional fre- 
quency changes of the three modes TMj2, TMi, and 
TEo: are therefore, respectively, as follows: 


(dw/w) 1= 0.525k12+-0.0965ko3, 
(5w/w)2=0.128k12+0.51k23— (0.0326/|b]), (67) 
(5w/w)3= +0.24h23+ (0.0022/|5]). 


When examined in this form, the fractional fre- 
quency changes, Eqs. (67), are seen to tend to be posi- 
tive for the TMi and the TE 1; modes, but negative 
for the TM ,, mode. By shortening the length of the 
cavity, the resonant frequencies of the 7M, and the 
TEoi1 modes can be raised toward that of the TMi». 
Thus, if we take 


Al/l= — (21/r)(Aw/w), (68) 
where Aw/w is taken as 


Aw/w= (6/w):— 3[ (b/w) 2+ (Sw/w)3], (69) 


the three modes are brought closer together. 
The final dimension of this 5-mode filter is given as 
follows: 


D=(7.016/r)[A+ (€/7.02) ], 
1=0.2673D[1+0.0606e— (21/r)*(Aw/w) J. 


The only problem which remains to be solved now is 
to find the value of 5, from the lumped circuit equivalent 
prototype structure. Now looking into the cavity from 
the rectangular guide, the actual value of the open- 
circuited admittance is 


Bu=Y (kr) {bi—LJi'(kr)/Ji(kr)]}, k=2m0/d. (71) 


The slope of By; at its zero, after being simplified by 
putting in (61), is 


dBy;/dw| w= Y .(ka)(7.026?/wo). (72) 


If now we take the first equation of (33), and then sub- 
stitute the value of X, given by (15), remembering the 
normalization condition (35), we have 


b= { (wo/w)(2C1/7.016) }4{ V7 #/Y,}!, (73) 


where w/w is ratio of the mid-frequency to the band 
width, C, is given in the prototype structure, and 7.02 
is the second root of J;(x). 


(70) 


6. Experimental Models 


Filter No. 1. A 2-mode filter, a single coupling screw, 
No. 4/40, wo/w= 400, wo=9375 mc, A=3.20 cm=1.26 
in., D=}% in., pass-band tolerance 3 db, R=0.172, 
C,=3.140 (Eq. (17)) |b:|=14.95 (Eq. (36)), di (di- 
ameter of the input and output iris)=0.319 in. (Eq. 











Fic. 12. Schematic experimental setup. 


(42)), /=1.005 in. (Eq. (52)), R=0.914 V,/V (V,, 
volume of the coupling screw, Eq. (10)), k=1.92 
x 10-* (Eq. (38)). 

Filter No. 2. A 3-mode filter, \= 3.20 cm, wo/w= 400, 
wo= 9375 mc, pass-band tolerance 1 db, D=0.965 in. 
(point A, Fig. 1), Za=1, Ci=2 (Eq. (19)), &=1.77 
X10-, |b;| = 13.3, d:=0.327 in., J=0.995 in. (Eq. (59)). 

Filter No. 3. A 5-mode filter, \= 3.20 cm, wo/w= 454, 
w=20.7 mc, D=2.790 in., /=0.755 in. (Eq. (70)), 
|b;| =16.56 (Eq. (73)), Ci=Cs=2.1186, C;= 2.9698, 
Le= 1.0964 (Fig. 9), Ryo= kgs = 1.445X 10, kos= kha 
= 1.220 10-* (Eq. (38)), kiz=5.85Vi/V, kos=1.132V2/ 
V (Eqs. (11), (12)), d=0.382 in. (Eq. (43)). 


7. Measurements 


In the experimental setup of Fig. 12, and H-plane 
tee is used to divide the power from the square wave 
modulated klystron oscillator equally between the two 
output branches, of which one contains the filter under 
test and the other a variable attenuator. The matched 
pads on the two sides of the tee are identical for bal- 
- anced operation of the latter. In the measurement, at 
any one frequency the reading on the indication meter 
on the filter side is read. The detector together with the 
matched pad preceding and the indication meter fol- 
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Fic. 13. Characteristics of a single cavity filter of 2 modes. 
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lowing it are moved to the variable attenuator side. 
when adjusted to give the same reading on the indica. 
tion meter, the reading of the variable attenuator gives 
the insertion loss of the filter. 

The insertion loss curve of filter No. 1 is shown ip 
Fig. 13. The band width at the maximum tolerance 
points is found to be about 21 mc, 14 percent less than 
the designed value of 23.4 mc, due to the presence of 
dissipation. At the low frequency end, over about 2 
db, the attenuation is less than calculated, partly be. 
cause of the direct coupling between the input and the 
output guides, but mainly due to the fact that the 
klystron signal generator is now operated far from its 
maximum power output point so that the signal js 
unable to override the noise in the circuit. 

The insertion loss of filter No. 2 is shown in Fig, 14, 
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Fic. 14. Characteristic of a single cavity filter of 3 modes. 


The insertion loss characteristic of filter No. 3 (see 
Fig. 16) is shown in Fig. 15; it is obtained by adjusting 
the four screws at the end plates equally in and out; 
i.e., the filter is adjusted for symmetrical operation. 

Equations (28) are employed to check how well the 
experimental curves conform with the theory. In each 
experimental curve, the attenuation at the mid-fre- 
quency is read, this value being taken as L,; and *, 
from Eq. (14), is made zero, and 6 is solved for. This 
value of 6 is substituted back into (28), and Lp is then 
plotted as a function of frequency by means of the 
frequency transformation (14). The agreement between 
the theory and the measurements is considered satis 
factory for the crude experimental models. 
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Fic. 15. Characteristic of a single cavity filter of 5 modes. 


IV. CONCLUSIONS 


The experimental study has verified the theoretical 
analysis and the design calculations. It has shown that 
design equations can be relied upon to calculate fre- 
quency values well within one percent. When reasonable 
mechanical tolerance can be maintained, the theoretical 
prediction can be very closely realized. The tolerance, 
however, is by no means unduly critical, nor is the ini- 
tial adjustment of the filter even when the point-by- 
point measurement has to be followed by means of the 
bench setup described in the text. The filter is light 
weight, compact, and easy to make. 

We have repeatedly employed the concept of coupling 
coefficients in establishing the interrelations among the 
modes. To realize this coupling effect, small perturba- 
tions of the otherwise ideal cavity configuration are 
introduced. Conversely, if couplings among certain 
modes are to be surmounted, this analysis will enable 
us to know what kind of disturbances are to be avoided 
and how the coupling coefficient is to be raised or 
lowered. 

The theory of coupling loops and irises between the 
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Fic. 16. Experimental model of the 5-mode filter. 


feed line and a cavity resonator is far from being general 
and complete. Only under limiting assumptions can the 
coupling formulas for the iris be solved for some par- 
ticular modes in the cavity and the dominant mode in 
the rectangular wave guide transmission line. 

Various methods have been in existence for com- 
puting the discontinuity effect. Except for a few that 
arrive at the exact solution of the field problem, they 
all come to an estimate of the field over the plane of the 
iris. This estimation can be made by some mathematical 
approximations. It can just as well be made on a physi- 
cal basis when mathematical approach is found difficult, 
as we have done in this report ; it has been proved to be 
satisfactory. 
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film of the fluid. 


I. INTRODUCTION 


EASUREMENTS of potential of the type in- 
vestigated in this paper serve as a means of de- 
termining whether or not a vertical metallic pipe used 
for piping conducting fluids is or is not full. The possi- 
bility that, although the pipe has been emptied, a thin 
film of liquid adheres to the inner wall of the pipe is 
also taken into account. 

The measurements are made as follows: An electric 
current J is allowed to enter and leave at two dia- 
metrically opposite points A and B. The potential 
difference is measured across two other points such as 
C and D in Fig. 1. By comparing the measured value 
of potential difference with the corresponding value 
computed by the formulas obtained in this paper, one 
can determine whether or not the pipe is full. 

In Secs. II and V, the case of a completely full pipe 
is considered in detail. The completely empty pipe is a 
special case of the completely full pipe when the con- 
ductivity of the liquid vanishes. An additional approxi- 
mate solution for the empty pipe is given in Sec. IV. 
The case in which a thin liquid film adheres to the pipe 
wall is considered in Sec. III and in the latter part of 
Sec. V. Results for the analogous two-dimensional 
| potential problem are given in Sec. VI. 


II, PIPE COMPLETELY FILLED WITH LIQUID 


We begin by finding the potential V in the cylindrical 
pipe of outer radius 6 and inner radius a, but not taking 
into account current entering or leaving at the points A 
and B. By superposing product solutions of the laplace 
equation in the cylindrical coordinate system of Fig. 1, 
this potential is found to be 


V.=B,(ar)eie'*, (1) 


il 

















Fic. 1. Pipe and coordinate system. 
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The electric potential across a metallic pipe is investigated when current enters and leaves through two 
diametrically opposite points and the pipe is either empty, filled with a conducting fluid, or lined with a thin 


where 

B,=I,(ar), r<a, 

B,=T,(ar)— faal ,(aa) 
X(7,(aa)K,(ar)—K,(aa)I,(ar)), a<r<b, (2) 


In these equations 
f=(Aa/Av)—1, (3) 


where A, and X, are the conductivities of the liquid and 
pipe, respectively, m is an integer, and a is an arbitrary 
real number. The constants in Eq. (2) were determined 
so that V, satisfies the conditions that V and the radial 
current flow are continuous at r=a. 

By superposition of solutions of the type (1), we next 
obtain a solution for the field which takes into account 
the current source and sink at A and B. We have 


w a 


v= > | Ax(a)V,(ar)da. (4 


n=—0o J _ 


The coefficient function A,(a@) must be chosen so that 
Eq. (4) will correspond to the current flowing in at A 
and out at B. The current per unit area flowing into the 
cylinder normal to the boundary r=), as determined 
by Eq. (5), 

I’'=},(dV/dr)| r=by (5) 


is to be equated to the current input J’ of the two point 
electrodes at A and B. Now, I’ may be written in terms 
of the current J as 


I’ = 15(z)6*(6) — 8*(0— 1) |/b, (6) 


where 4(z) is the unit impulse function in z, and 6*(@) 
is the periodic impulse function in @ with impulses at 
6=0, +27, ---. The division by 3 is to obtain a current 
density per unit circumference rather than per radian. 
If 5(z) is resolved into a fourier integral and 6*(6) into 
a fourier series, one can write J’ as 


F « 
=— > f erBeiazda, (7) 


2bx? n=t1, 43, --- J_,, 
Equating Eq. (7) to Eq. (5) yields 
A,(a)=I/2bm*d,aB,'(ab), n odd, 
A,(a)=0, n even. 


If we let 
v=ab, z'=2/b, and p=a/b, (9) 
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we thus have 
| I ” eve’ B(v)dv 
V| ~—— X cosno f ~—o. : , (10) 
-™ b m1, 3, s« vB,’ (v) 
where 
B,(0)=1n(v) — ford n' (pv) 
X(T n(ov)K n(v)—Kn(pv)7,(v)], (11) 
and 
B'(t)=In' (v) — fovl n' (pv) 
XLT n(0v)Kn'(v)— Kn(pv)I,/(v) J. (12) 


With the power series expansions for the bessel func- 
tions, one can check that, although K,(v) has a log- 
arithmic singularity at »=0, the coefficient of e***’ in 
the integrand of Eq. (10) has no singularity at »=0, 
and is, in fact, an analytic function of v? near v=0. 
The integral is probably best evaluated by residues 
with the result 
| aI o et'**B, (0%) 
vy} = < cosné > 


lrab «TOA, 2=1,3,--- kt 04’ Dy(v¢) 





» (13) 


where 1,=iv;’ are the roots of B,’(v)=0, and 
D,=4dB,'(v)/de. 


These roots lie along the imaginary axis. Hence, the 2,’ 
are real and are the roots of 


2J,'(c') + frp’ J »'(pv’) 
XJ n(pv’) Vn’ (v') — Vn(pv’)J,'(v’) ]=0. (14) 


The positive exponent is to be used in (13) for negative 
zand, conversely, the negative exponent for positive z. 

The solution (10) or (13) evaluated for \.=0 gives 
the potential for an empty pipe. 


Ill. PIPE WITH LIQUID FILM 


If the pipe is not completely empty or completely 
filled with a conducting liquid, but instead has a thin 
liquid film adhering to the inner wall, a solution to the 
problem may be obtained by a procedure analogous to 
the one in Sec. II. Equations (10) and (13) for the 
voltage hold in this case at the outer edge of the pipe, 
but now we find 


B,(v)=Crln(v)+DnY,(0), (15) 
and 
B,/(v)=Cyrln' (0) +DnY 2 (2), 
where 
C.= — ptLIn(pv) Kn’ (pv) —I,' (pv) K n(pv)(f+1) 
—F,K,(pv)K,' (pv) f], (16) 
and 
D.=— ptLl (pv) I »' (pv) f— F (1 n' (pv) K n(pv) 
—I,(pv)K,'(pv)(f+1))]. 
In these equations 
F,,= —I,'(ac)/K,'(ac), (17) 


and ¢ is the inner radius of the liquid film. 
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Fic. 2. Flat plate and string of images. 


IV. AN APPROXIMATION VALID WHEN LIQUID 
CONDUCTIVITY VANISHES 


If the conductivity of the liquid filling the pipe 
vanishes, and at the same time (6—a)/b is small, the 
pipe may be thought of as straightened out into a flat 
plate, without introducing too much error in the 
potential field. 

Once the pipe is replaced by a flat plate with the 
same thickness, /, as the pipe, we can use the method 
of images for calculating the resulting field. In the first 
place, the condition of no normal current flow at the 
outer pipe surface, which now becomes the upper plane 
boundary of the flat plate, may be satisfied by doubling 
the thickness of the flat plate, at the same time retaining 
the point source or point electrode through which the 
current enters at A, but allowing a double strength 
current 2] to enter there, half of which enters the lower 
half-plate, the other half the upper half-plate. The 
condition at the inner boundary of the pipe, which 
becomes the lower plane of the plate, can then be satis- 
fied with the double thickness pipe material while 
maintaining the boundary condition at the outer surface 
of the pipe by placing positive images at distances 2nt 
above and below A.! This periodic array of point sources 
of current leads to the well-known series for the result- 
ing potential 


Va(P)= 





I 1 1 1 1 
[+ tot tot | ae 
TA, R_, Ro R, R2 


where the R; are distances from the ith image point to 
any point, P, in space. The R; are illustrated in Fig. 2 
which shows a cross section of the flat plate perpendicu- 
lar to the z direction of Fig. 1. 

This series converges rather poorly, but the potential 
may be represented in the alternative form,” 


V4(P)=(I/22td,)const+In(1/p) 
+2 D0 Ko(nxp/t) cos(nry/t)], 


n=1,2,--- 


(19) 


in which p=(x*+2*)! is the radial distance from P to 


1 The method of images and the optical ray analogy, which will 
be used in Sec. V, are discussed in some detail in Sec. 4 of the paper 
by H. Poritsky, J. App. Mech. 16, 123-133 (1949). 

* E. Madelung, Physik. Z. 19, 524 (1918). 
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Fic. 3. Mirror analogy for full pipe. 


the y axis of Fig. 2, and y is the distance in the y direc- 
tion from P to the plane through A in Fig. 2. 

To take into account the return electrode at B and 
also to take care of the periodicity of the original field 
in 6, one adds a series of fields of the form +V 4: 


V=+++—Vp_yt+Vao—Vept+Vay—***, (20) 


corresponding to a displacement of each field by a 
multiple of half the average pipe circumference, 
(1/2)4(a+5), in the x direction. At a distance p which 
is appreciable compared with 2/, the series in Eq. (19) 
is negligible. Equation (20) reduces essentially to 





I. «@ 1 1 
V= > [in——in—] (21) 


2mth, = L pa, PBy 


where pa, and pz, are the distances from the y axes and 
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Fic. 4. Mirror analogy for pipe with a liquid film. 
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lines parallel to it, through the points A, and B, 
respectively. This can be summed into 


V=—(I/2nth») Re{In tan[(x+iy)/(a+b)]}, (22) 


where “Re” is the “real part of.” As stated, this is not 
valid near A; but there Eq. (22) takes care of the con. 
stant and log terms in Eq. (19) and of the field due to 
all the images, leaving the Ko series in Eq. (19) to 
be added. 


V. APPROXIMATION VALID NEAR THE 
POINT ELECTRODE 


Near A, the convergence of the previous solution (13) 
is very poor. It is of interest, therefore, to develop some 
other, even if only approximate, solution which is valid 
near A. 

Let us again neglect the curvature of the pipe near A, 
thus replacing the pipe by a flat plate and the cylindrical 
liquid by a liquid filling the semi-infinite space below it, 
The solution will not be valid for distances from A much 
larger than /. 

Reflection across y=0 in Fig. 2 is still possible. This 
doubles the plate thickness and also fills the space 
above and below the plate with a liquid of conduc- 
tivity Aq. 

In this case, the following series, similar to Eq. (18), 
is valid for the potential V within the plate: 


2mrA,V 1 1 1 1 1 
-—+0(—+— +#(—+—)+--, (23) 
I Ro R, Ri R, Ro 





where 


B= (An—Aa)/(Av+ Aa), (24) 


and Ro, R:, Ro, «++ are as in Fig. 2. This series reduces 
to 1/Ro for B=0, i.e., when Ag=Az. 

To obtain (23), we superpose axially symmetric 
product solutions of the potential equation so that 


2rrA,V 1 P 
— f A(a) coshayJo(ap)da, 
0 


I Ro 
for |y|<é#; (25) 





2rrA.V 
I 





- f B(a)e~*!"-"Jo(ap)day, 
R for |y|>4, (26) 


where Ro=(p?+y*)!. The 1/Ro term exhibits the singu- 
larity at the point source, while the integral terms will 
be used to satisfy the boundary conditions at y=. 
The forms of the integrands express the fact that the 
potential vanishes at infinity and that it is symmetric 
in y. Because of this symmetry, it suffices to consider 
boundary conditions at the upper boundary only. At 
the boundary, V and \(@V/dy) must be continuous. 
To apply these conditions, it is convenient to express 
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1/Ro in the form, 


(1/R)= f e-*lv|Jo(ap)da (27) 


so that the boundary conditions simply require that 
e~*t+- A coshai= B 
chicane (28) 
—e~*+A sinhat= —(Ao/A»)B. 


Now A(a), obtained by solving these equations, may 
be substituted in Eq. (25) for V, resulting in the 
expression 


2rrAxXV 1 e*8-}-g- 
J o(ap)da. 


Spa se ——__—_—_ 29 
I Ro i 1—(1/B)e* ai 





When the denominator of the integrand in Eq. (29) is 
expanded in a series of inverse powers of e**, term by 
term integration leads to the expansion (23). 

Again the return electrode should be taken into ac- 
count, as in Eq. (20). 

As in Fig. 2, the series (23) may be interpreted as the 
resultant field due to a source at A plus an infinite string 
of image sources along the y axis through A. The posi- 
tions of these images may be obtained by means of the 
optical ray analogy shown in Fig. 3, where two rays of 
an arbitrary slope +m are drawn through the point A, 
and continued till they hit the lines y= -/, where they 
are reflected, and so on. When the rays are continued 
backwards (as shown by the dotted lines), they intersect 
the y axis at the position of each image point source. 
The “strength” or “intensity” of each image is obtained 
by multiplying each ray by a “reflection coefficient” 
8 upon reflection and by a “transmission coefficient” 
(1+8) upon possible transmissions. 

Figure 3 could be modified by retaining the surface 
y=0 and the original thickness of the wall, provided a 
reflection coefficient 8’=1 be associated with y=0. The 
images are obtained in an analogous way by projecting 
back a ray leaving the source at A with an arbitrary 
negative slope. 

Again in the case of the pipe with a liquid film, if the 
pipe is thin enough, it may locally be considered as 
straightened out and V obtained in a small region near 
A by the image method. In this case there are three 
teflection surfaces corresponding, respectively, to the 
air-liquid, liquid-air, and metal-air interfaces. With each 
of these is associated a reflection coefficient o and a 
transmission coefficient 1+. For the two air surfaces, 
o=1. For the liquid-metal interface, however, 


o=B=(As—Aa)/(Av+Az) (30) 


for reflections of rays incident from above, and «= —8 
for reflections of rays incident from below. 

Part of the ray system and resulting series of images 
is shown in Fig. 4, with each i image labeled with the 
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Fic. 5. Notation for Eq. (32). 


proper intensity. From the figure one sees that the net 
potential is given by 


27» 
v ~y=—+0(—+-)+0- (—+— 


R2 2 





1 1 
~ac1-#)(—+—) .. (1) 
R; R 3 


VI. TWO-DIMENSIONAL FIELDS 


It is much simpler to calculate the potentials of two- 
dimensional fields, where the current J per unit axial 
length enters along a line AA parallel to the axis, and 
leaves along a diametrically opposite line BB. Of course, 
the potential measurement must now be carried out for 
diametrically opposite lines corresponding to a 6 differ- 
ent from zero. 

The potential is found to be 


2J To Lal T2 
V= —| n+ 28 In—+ 2p? In—+ 
TA 


So $1 Se 


where J is the input current density per unit length, 
and 7, and s, are the distances from the points (p?", 0) 
to A and B as shown in Fig. 5. From Sec. II it will be 
recalled that p is the ratio a/b of the inner pipe diameter 
to the outer one. This result may be obtained by 
properly combining product solutions in a manner some- 
what analogous to the method in Sec. II. Alternatively, 
it may be found by mapping the pipe and liquid con- 
formally on a plane sheet and semi-infinite space below 
it, by means of the conformal transformation from the 
x, y toa &, 7 plane, 


n=In[(x?+*)1/b], 


<8, (33) 


and then using images and fourier integrals in a method 
similar to the one in Sec. V. 
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The increase AT in average gas temperature for ac and dc has been determined from measurements of 
the increase in pressure. A small McLeod gauge was used. Wall temperature was regulated. Corrections for 
end effects were made by comparing results for long and short tubes of 3.6 cm diameter. Assuming the 
radial variation of heat input to be parabolic, the temperature distribution was calculated using published 
values of heat conductivity K. From the results the heat input P,, per centimeter length was calculated. 
This value was compared with the elastic loss P, computed from electron temperature 7, and number of 
electrons N, per centimeter column, taking into account the variation of mean free path with electron 
velocity. Good agreement was obtained for mercury pressures ranging from 1 to 25 microns, with the arc 
current 0.2-0.6 ampere and the argon filling pressure 3.5 mm (Hg). 





HE heating (above wall temperature) of the gas 
in a discharge tube is, provided the gas is mona- 


tomic, almost entirely due to the energy losses of the 
electrons in elastic collisions with the atoms. Since these 
losses may represent a considerable fraction of the 
total wattage input, a knowledge of them is necessary 
in any study of the energy balance of the discharge. 


If the electron temperature and concentration and 


the cross section for elastic collisions are known, these 
losses may be calculated. They may also be determined 
from the heat conductivity of the gas if the radial tern- 
perature distribution of the gas is known. This tem- 


AIR 





Fic. 1. Diagram of apparatus. L, discharge tube in water bath; 


M, McLeod gauge; W, tungsten wire; E, to exhaust and gas 
dosing system. 


perature distribution may be obtained from measure. 
ments of the increase in pressure incident to the 
operation of the discharge. 

An attempt was made by Sommermeyer,' using both 
methods, to determine the elastic energy losses in the 
positive column of low pressure discharges in the rare 
gases argon, neon, and helium. Sommermeyer obtained 
only an approximate agreement between results using 
the two methods, the energy loss determined from the 
pressure increase exceeding the energy loss calculated 
from collisions of electrons with atoms by as much as 
100 percent. However, his knowledge of the energy 
distribution and concentration of the electrons was 
incomplete, inasmuch as the discharges had running 
striations. There were also difficulties with gas impur- 
ties. A basic source of error was failure to take proper 
account of the variation of mean free path with electron 
velocity. 

With Hg added to the rare gas, there is the great 
advantage of the absence of striations over a wide 
range, and relatively exact probe measurements of 
electron temperature and concentration are possible. In 
what follows, a study of the elastic losses in a mercury- 
argon discharge will be described. 


APPARATUS AND METHOD 


The apparatus is shown schematically in Fig. 1. Here 
the lamp L is a standard 40-watt fluorescent lamp, 
approximately 1} inches in diameter and 4 feet long. 
It contains a drop of Hg and any desired pressure of 
argon or other rare gas. The lamp is surrounded bya 
water bath. With bubble stirring, departures from uni- 
form temperature were less than }°C. For temperatures 
below 0°C, an acetone bath cooled by dry ice was 
used. 

Connected to the lamp is a McLeod gauge? M. Be 
sides having a small volume (8 cm*) and etched capil 
laries, this gauge has a special feature—a tungsten wit 

1K. Sommermeyer, Ann. Physik 13, 315 (1932) ; 28, 240 (1937). 
These papers contain references to work done by others. 

2K. Sommermeyer, reference 1, used a capacitance membrane 


manometer and later a Simon and Ruhemann Hg micrometet 
manometer for measuring pressures. 
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TEMPERATURES AND ELASTIC LOSSES IN GAS DISCHARGES 
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Fic. 2. Heating effect as a function of discharge current for 
three pressures of argon. AT is the increase in average gas tem- 
perature caused by the discharge. ¢, is the wall temperature. 


sealed through the top of the closed capillary and 
extending nearly to the bottom of it. When the Hg 
slowly rises and makes contact with the tip of this 
wire, it actuates a delicate relay which closes another 
relay and produces an audible click. At the time of 
this click, the height H of the Hg in the open capillary 
is read. Using the gauge in this way, and for its par- 
ticular constants, the pressure is given by 


p=0.0283H, (1) 


where p and H are both in millimeters. The gauge 
operated very satisfactorily in its designed range of 1-6 
mm. In the middle of the range, the relative error was 
estimated to be <4} percent and the absolute error <1 
percent. In the present experiments, practically only 
the relative error is involved. Further details of the 
gauge will be given elsewhere. 

The ratio of the average gas temperatures (in °K), 
with and without the discharge, will be given approxi- 


mately by 
T2/T1= p2/ pr. (2) 


It can be shown that “average temperature” as here 
used means the average taken over the groups of 
molecules and not over the volume. 

Actually, Eq. (2) will not be quite true because of a 
small displacement of gas out of the discharge tube and 
into the gauge and its connecting tubing (of combined 
volume V,) which takes place when the discharge is 
started. This can be taken care of by noting that the 
total quantity of gas is constant; i.e., that >(pV)/T is 
constant. Thus, if T, is the absolute temperature of the 
gauge and its connecting tubing, it follows that 


bL(V1/T1)+(V/T) = pL (V1/T2)+(Vo/T.)], (3) 
where Vz is the volume of the lamp. On rearrangement, 
Eq. (3) becomes 
TV/Ts= (ps/p2)[1+(V,/V 1)(T1/Ty)] 
—(V,/V1)(T1/T,). (4) 





1007 


For the discharge tubes used,> V,=1200 cm® and 
V,=40 cm’® (V,/V,=0.033), and the correction is 
negligible, i.e., <0.6 percent in 7,/T> for all cases and 
<} percent for most conditions worked with. However, 
for a short lamp, to be considered below, the correction 
is considerable. 

The procedure for measuring pressures was to first 
read ;, then start the discharge, and after about 20 
seconds read po. Tests showed this time to be ample 
for the attainment of the new equilibrium. Then the 
discharge was shut off, and after 20 seconds ; was 
read again. The two values of ; showed no significant 
difference and were averaged. Water temperatures were 
read at the time of all pressure measurements. These 
usually changed less than 3°C, but the average tempera- 
ture was used (for 7) to correspond to the average 1. 


RESULTS 


To render the results clearer and more useful, the 
rise in average gas temperature, caused by the dis- 
charge, has been expressed as AT = 72—T7}. In Fig. 2, 
values of AT have been plotted against rms current for 
three different filling pressures of argon and for a wall 
temperature /,, of 42°C. Filling pressures are at 27°C. 
Unless otherwise stated, the discharge was operated on 
ac with inductive ballast. Auxiliary cathode heating 
was employed only at the time of starting. It will be 
seen that AT rises somewhat less rapidly than the 
current. 

The variation of AT with wall temperature is shown 
in Fig. 3. It will be seen that below 0°C, AT approaches 
a constant value which is the value for pure argon. At 
about 60°C, AT is seen to go through a shallow mini- 
mum, rising from that on upward, presumably all the 
way into the region of the high pressure Hg arc. 

The circles in Fig. 3 are for ac, the crosses for dc 
operation. It is seen that the dc points lie about 1° 
higher than the ac points. 
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Fic. 3. Heating effect AT as a function of wall temperature ty. 


§ Except in one special case, the discharge tubes were essentially 
identical to the 40-watt fluorescent lamp. 
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Measurements of AT as a function of argon pressure 
for an ac discharge in another tube are shown in Fig. 4. 
The heating effect is seen to increase substantially 
linearly with the pressure. 

The average of all measurements with the two tubes, 
for 3.5 mm argon, 42°C wall temperature, and 0.42 amp 
ac gives the value of 22.4° for AT. The corresponding 
value for dc is taken from Fig. 3 as 23.3°. 


ELIMINATION OF END EFFECTS 


The above value of AT = 23.3° is for the entire tube. 
If it is desired to obtain the heating effect in the positive 
column alone, it is necessary to eliminate the end effects. 
This has been done by measuring AT for a tube similar 
to the others but relatively short. 
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Fic. 4. Heating effect as a function of argon pressure. 


Suppose a tube of over-all length LZ be divided into 
two sections, one the main body of the tube, i.e., the 
region of the uniform positive column, where the 
average gas temperature is 7,, and a region at the ends, 
of length 5. (The two end regions are combined and 
considered as one.) The average gas temperature 7; of 
the end sections will be higher than 7,, because of the 
heat losses incidental to the electrode drops and their 
associated effects. Now the temperature (T,,) averaged 
over the molecules of the gas can be shown to be 


where T is the absolute temperature of the gas in the 
element of volume dV, and the integral is taken over 
the whole volume V. Applied to a tube of uniform cross 


KENTY, EASLEY, AND BARNES 


section, Eq. (5) reduces to 
Tu=L/{(L—b)/Tp+ (0/T2)}. 6 


The use of two lengths of tube leads to two equations 
of the form of Eq. (6). Since there will be only ming, 
differences of density, the end and middle temperatures 
will be approximately the same in both cases. The two 
equations may be treated as simultaneous, and elimina. 
tion of 6 and 7; leads to 


(L—l)/T,=(L/T1)—(/T), (7) 


where L is for the long tube and / is for the short one 
With ac operation, for L=118 cm and /=16.5 cm, the 
values T,=337.4° and T,;=349°K were found. Then 
Eq. (7) yields T,=335.6° or AT=20.6°C. 

Inasmuch as the operating voltages are observed to 
be closely the same at a given current for ac and de 
discharges of equal length, it will be assumed that the 
over-all end effects are the same for both cases. Since 
the uncorrected values of AT differed by 1°, it will 
therefore be assumed that AT for the dc case is 21.6°C. 


THE TEMPERATURE DISTRIBUTION 


‘It is now desired to infer the actual temperature 
distribution corresponding to the above value of AT 
of 21.6°. To do this, the distribution of heat production 
and the conduction of heat to the walls must be con- 
sidered. It will be assumed that to a first approx- 
mation the heat development in any element of volume 
will be proportional to the electron concentration m, and 
that the radial variation of , will be parabolic. Actually, 
n, will follow more nearly a bessel function, but the 
difference is considered negligible for the present pur- 
poses. Then, if R be the rate of heat production per cm’ 
in any element of volume, and Ry the rate at the axis, 
it follows that 

R=R,(1—1°/a’), (9) 


where r is the distance from the axis and a is the lamp 
radius (1.8 cm). If K be the coefficient of heat con- 
duction, the differential equation for T, the absolute 
gas temperature (at any point distant r from the axis) 
will be 


(@°T/dr*)+-(1/r)(dT/dr)+(Ro/K)(1—1°/a?)=0. (10) 
Solution of this equation by the method of series gives 
T = (T/a)+76(Roa*/K)[1 

— (4/3)(9°/a*)+3(7'/a‘)]. (1!) 


This function of r, for a number of values of Ro/K and 
for T,=315°K (42°C), is plotted in Fig. 5, with r/aas 
abscissa. 
For the case of cylindrical symmetry, Eq. (5) takes 
the form, 
ma? 1 


T y= ame . (12) 
J @xrar/r) 2 f Co/o/ruC/0 
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TEMPERATURES AND ELASTIC LOSSES 


Using the curves of Fig. 5, the quantities (r/a)/T were 
lotted against (r/a) and the integrations performed 


phically. T for the four values of Ro/K was then | 


evaluated and the results plotted in Fig. 6. The meas- 
yred Tw Of 336.6°K is then seen to correspond to a 
value of Ro/K of 83.5. This value of Ro/K when sub- 
stituted in Eq. (11) gives an axial temperature of 366°K, 
51° above the wall. This means that the argon density 
at the axis will be 86 percent of that at the wall. The 
Hg density at the axis will probably be between 86 
percent and 93 percent of that at the wall, depending 
on the extent to which thermal transpiration is present. 
Any exact theory of the positive column must take into 
account these departures from uniform density. 

The value of K for argon at the average operating 
temperature of about 337°K as found by extrapolating 
Euken’s experimental values* is 4.5 10~ cal sec! cm™! 
deg". This gives the value of Ry then as 83.5X4.5 
X10-°=3.76X 10~* cal cm~* sec—!. Since for the para- 
bolic distribution of R across the tube the average value 
of R will be half the maximum, the total heat production 
percm of length will be wa*Ro/2=1.9X10-? cal sec™ 
=(.080 watt. Multiplication by the length of the posi- 
tive column (assumed to be about 112 cm) gives 8.9 
watts as the elastic energy loss in this uniform column. 
The expected elastic loss will now be calculated, for 
comparison, from the known electron concentration, 
electron temperature, and cross sections for elastic col- 
lision. 


COMPUTED LOSS 


Equations for elastic loss,® given in the literature on 
gaseous discharges, ordinarily are applicable only to 
cases in which the mean free path of the electrons is 
independent of their velocity. The rare gases, many of 
the common gases, and mercury, cadmium, and zinc 
vapor, all have a marked variation® of electronic free 
path with velocity. In the case of argon, substitution 
of the free path value computed from the viscosity into 
the conventional equation® for elastic loss may result 
in errors as large as a factor of three. This difficulty 
arises because the equations for diffusion, mobility, and 
elastic loss have different powers of the electron velocity 
in them. Thus a different weighting must be given to 
the mean free path ZL, for a particular velocity c, 
depending on the process for which one wishes to calcu- 
late an effective free path. This is evident from Table I. 
The curves in Fig. 7 give computed values of the 
eflective free paths, for use in the equations’ derived 
for constant mean free path, for maxwellian distribu- 
tions of electron velocity in 3.5 mm (Hg) of argon plus 





‘Values of K used are those of Eucken (see I. Amdur, J. Chem. 
Phys. 16, 190 (1948)) extrapolated somewhat into the temperature 
region here involved. The radial variation of K for the case con- 
sidered is about 9 percent; this will be neglected here. 

*See, for example, L. B. Loeb, Fundamental Processes of Electrical 
— in Gases (John Wiley and Sons, Inc., New York, 1939), 


*R. B. Brode, Revs. Modern Phys. 5, 257 (1933). 
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Fic. 5. Gas temperature as a function of fractional radial 


distance (r/a) for different values of the parameter Ro/K. Ro=heat 
production per cm’ at the axis; K =heat conductivity. 





0.006 mm of mercury vapor (pressures reduced to terms 
of 0°C). 

Various authors state that one must take into account 
the Ramsauer effect in computing elastic loss, but 
apparently no one has actually treated mean free path 
as a variable in the integration of elastic losses over the 
velocity distribution of the electrons. A method of 
computing elastic loss which seems reliable will now be 
worked out in detail. 

For electrons of a particular velocity c, the average 
fraction of the energy of each electron that is lost per 
collision is? (2m/M)(1—E,/E2), where m= mass of elec- 
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Fic. 6. Average gas temperature as a function of the parameter 
Ro/K. Cross represents value of Ro/K corresponding to meas- 
ured Ty. 


7K. T. Compton, Phys. Rev. 22, 333 (1923). 











TABLE I. Averaging procedure to be used when mean free 
path varies with electron velocity. 











Diffusion Elastic 
Desired result coefficient Mobility loss 
Quantity averaged L, ZL, 1/L, 
Weighting factor c 1/c a 








tron, M=mass of atom, Zi=mean energy of atoms, 
and £,=electron energy. Then the average energy 
loss per collision is (m?c?/M)[1—(3kT,/mc?) ], where 
k=Boltzmann constant, and 7,=gas temperature. 
Since the number of collisions per electron per second 
is c/L,, the power expenditure per second for an electron 
of velocity c is (m*c?/ML,)[1—(3kT,/mc?) ]. For all of 
the electrons in a velocity distribution, the average 
power spent per electron per second is 


med 7 3s) 
4 | =(1-—— f(odc, (13) 


where f(c)dc is the fraction of the electrons with 
velocities between c and c+dc. 

Tabular integrations of the expression derived in the 
preceding paragraph were made for various maxwellian 
distributions of electron velocity, for mercury and for 
argon. The results are shown by Fig. 8. The probability 
of collision vs electron velocity for argon was taken 
from the curve given by Brode.® This curve is based on 
data taken by Ramsauer and Kollath. Since the latter 
give a much smaller minimum value than that found by 
Normand,° there is some uncertainty as to the true 
values of the elastic loss for low energy electrons 
(T.’s<7000°K). 

The values used for the probability of collision vs the 
electron velocity for mercury were taken from Brode’s 
original data,’ but were multiplied’® by 1.10 in order 
to put them in terms of the mercury vapor pressures 
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Fic. 7. Effective electronic free paths vs electron temperature 
in 3.5 mm (Hg) of argon plus 6 microns of mercury (pressures 
reduced to 0°C). 


®*R. B. Brode, Revs. Modern Phys. 5, 263 (1933). 
*C. E. Normand, Phys. Rev. 35, 1222 (1930). 
1 R. B. Brode, Proc. Roy. Soc. (London) A125, 136 (1929). 
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given in the International Critical Tables. The grea 
difference in the slope of the two curves in Fig, 
reflects the fact that, for mercury, the probability of 
collision decreases with increasing electron Velocity 
but with argon the opposite is true. 

The curves of Fig. 8 furnish a means of computing 
the elastic loss for any mercury-argon discharges for 
which the electron temperature and concentration are 
known, provided the electron velocity distribution 
follows the maxwellian distribution law. Results fo, 
discharges in 3.2 mm pure argon (pressure at 0°C) 
mixed with mercury vapor are given in Tables ]] 
and III. Electron temperatures were measured with 





io! x watts / ELECTRON 
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Fic. 8. Elastic loss vs electron temperature in mercury and in 
argon for 1 mm (Hg) pressure at 0°C. 


wire probes centered at the axis of the positive column. 
Maxwellian velocity distribution was indicated by the 
linearity of the plot of the logarithm of the electron 
current to the probe versus probe voltage over the 
measurable range of electron current (i.e., for a range 0 
to 9-11 volts from space potential). Electron distribu- 
tion over the cross section (7a?) of the discharge was 
assumed to follow a bessel function"! with JN,, the 
number of electrons per centimeter length of column, 
given by the equation, 


Ne=2ma*(J1(u)/u)no. 


The root yu of the first-order bessel function J; was 
determined from the electron concentrations at the 
sheath edge (m,) and at the axis (mo), using the relation 


Nw/No= J o(m). 


"VY. Fabrikant, Compt. rend. acad. sci. U. R. S. S. XXIV, 


531 (1939). 
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TaBLE II. Elastic loss vs mercury pressure in the positive 


column of a 0.42-amp de discharge in mercury vapor mixed with 


3.5 mm argon (tube diameter 36 mm). 
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TABLE III. Elastic loss vs discharge current in the positive 
column of a dc discharge in 74 of mercury mixed with 3.5 mm of 
argon (tube diameter 36 mm). 














oa Py-watts/cm 
Temp. He ee a NeXx10-2 2¢ r ~ |OUAT 
17° 0.95 15,000° 2.5 42.7 0.19 0.16 

30° 2.8 13,300° 2.2 29.4 0.12 0.11 
e 6.1 11 ,300° 2.3 21.8 0.083 0.082 
50° 12.7 10,100° 2.6; 168 0.069 0.064 
60° 25.2 9,800° 2.65 15.8 0.064 0.061 








The energy loss Py in watts per cm column was ob- 
tained, then, using the product of WV, and the loss per 
electron at the given electron temperature, from Fig. 8. 
It should be noted that the discharges described by 
these values of T,—N, showed no striations in the 
range of oscilloscope sensitivity (i.e., up to 2 mc) and 
no obvious effects of impurities. The presence of oscilla- 
tions or of small amounts of certain molecular impurities 
would change the form of the distribution function f(c) 
in Eq. (13) and thus make inapplicable the curves 
of Fig. 8. 

For a comparison of the results obtained by the two 
methods, the measured values of AT were converted to 
watts per centimeter, and are listed in Tables II and III. 
The importance of 7, is shown by these data. The 
weighting factor c’ and the rapid decrease in the cross 
section for low electron energies combine to produce a 
marked falling off in the heating effect for low speed 
electrons. Thus, for an electron temperature decrease 
from 15,000° to 9800°, there was a threefold decrease 
in the electron energy lost in elastic collisions. 











Py-watts/cm 
Current Te AT from from 
amp °K Ne X10722 = Te—Ne AT 
0.2 11,900° 1.1; 13.1 0.047 0.047 
0.4 11,400° 2.2; 21.6 0.081 0.082 
0.6 10,800° 3.3 27.1 0.104 0.107 
DISCUSSION 


The good agreement obtained between the elastic 
losses determined by the two methods is ascribed to 
reliable values of T, and N, made possible by the 
absence of striations, purity of the gas in all cases, and 
the proper use in the calculations of the Ramsauer 
cross-section curve. The course of the Ramsauer curve 
is not certain for electron energies below about one 
volt. If similar measurements could be made on an 
argon discharge where TJ, were very low, the method 
might be used to furnish more information about the 
low energy end of the Ramsauer curve. Such a dis- 
charge might be one using Na or Cs with the argon, 
instead of Hg. The experiment would, of course, have 
to be done at an elevated tube-wall temperature. 

A further use of AT measurements might be in the 
study of striated discharges.’ Here it is difficult at 
present to obtain an exact knowledge of the distribution 
of T, and N, throughout the striation. But any tentative 
distribution could be tested for plausibility by spatial 
integration to see whether it gave the measured AT. 

We are indebted to Dorothy Kindinger Williams for 
assistance in making the gas temperature measurements. 


2 W. Pupp, Z. Physik 67, 237 (1931). 
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A new experimental technique is presented for studying rate processes in solids. The method, termed 
“pulse-annealing,” involves direct heating of a very small sample to a chosen annealing temperature for a 
short period, followed by rapid cooling to some fixed temperature for an in-place physical property measure- 
ment. The method is a very flexible one, as the above cycle may be repeated to obtain any desired time- 
temperature history. General experimental techniques are described and specific application to graphite 


and metals noted. 


The annealing process is examined theoretically. A method is described for deriving the activation energy 
of the fundamental relaxation process from the isothermal annealing curves of a physical property, the 
physical property being used as an index of the annealing process. It is shown that the activation energy 
is derivable without knowledge of the relation between the measured physical property and the funda- 
mental kinetic variable. For further kinetic analysis (determination of rate constants and orders of re- 
action), however, it is necessary to know this relation. The analysis of isothermal and tempering experi- 


ments is compared. 





INTRODUCTION 


[® the study of chemical rate processes it has been 
possible to determine constants characteristic of a 
given reaction by measurement of the reaction rate 
at different temperatures. Constants which can be 
assigned are the activation energy, rate constant, and 
order of reaction. In a similar fashion it is possible to 
study the changes which take place under certain con- 
ditions within the lattice of a solid. Types of lattice 
processes which lend themselves to such analysis are 
healing of lattice imperfections, allotropic changes, 
order-disorder transformations, and precipitation. In 
determining the constants associated with these lattice 
processes, much can be learned from measurement of 
the rate of change of any given physical property as a 
function of heat treatment of the solid in question. In 
the theoretical section of the present paper, some of 
the possibilities of this approach are discussed. 

In the performance of heat treatment of a solid and 
measurement of the associated changes in one or more 
physical properties, two methods have been commonly 
used. One method consists of annealing the sample by 
means of a chosen heat treatment in a furnace, cooling 
to remove the sample from the furnace, and finally 
making a physical property determination at some fixed 
temperature. By repeating this process using different 
heat treatments, the data necessary for analysis may 
be obtained. This method suffers from two disadvan- 
tages. It is slow because of the large number of separate 
cycles required in annealing and measuring the sample. 
In addition, the long heating period in reaching each 
desired annealing temperature requires a long period 
at an accurately controlled annealing temperature to 
give interpretable results. 

The second method which has been used in heat 
treating and measuring associated physical property 


*This work supported by Contract AT-11-1-GEN-8 of the 
AEC. 

t Now at Naval Ordnance Test Station, Inyokern, China Lake, 
California. 


changes is an in-place measurement on the sample in 
the furnace and at the annealing temperature. This 
method permits rapid experimentation but suffers 
another disadvantage. Since the measurements must be 
made at different annealing temperatures, it is im- 
possible to interpret the results unless the temperature 
dependence of the physical property is known for the 
various lattice configurations assumed by the solid 
during the course of the measurements. 

A new method has been developed which is relatively 
fast and requires no knowledge of temperature de- 
pendence of the physical properties. This method has 
been termed “pulse-annealing.” It involves direct heat- 
ing of a very small sample to a chosen annealing tem- 
perature for a short period, followed by rapid cooling 
to a fixed temperature for an in-place physical property 
measurement. This cycle is repeated to obtain data for 
any desired time-temperature history. To date, the 
method has only been applied to materials which can 
be heated by the passage of an electric current, although 
it might well be adapted to insulating miaterials if di- 
electric heating were employed. 

Apparatus has been built and successfully used at 
the Atomic Energy Research Department laboratories 
of North American Aviation, Inc., to measure the 
changes during pulse-annealing in the Hall coefficient, 
magnetoresistivity coefficient, thermal conductivity, 
thermoelectric power, and electric resistivity. Typical 
results of measurements of the above galvano-magnetic 
properties have been described by Donoghue and 
Eatherly.' The apparatus and some results for measure- 
ments of the above thermal properties have been re- 
ported by Rasor and Parkins. To illustrate the type of 
problems encountered in pulse-annealing studies, the 
present article will be confined to apparatus and re- 
sults for changes in electric resistivity. In addition, 4 

1 J. J. Donoghue and W. P. Eatherly, Rev. Sci. Instr. (to be 


published). 
2.N, S. Rasor and W. E, Parkins, Phys. Rev, 78, 638 (1950), , 
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STUDY OF RELAXATION 


general discussion will be given of the pulse-annealing 
method, its uses, and its limitations. 


PULSE-ANNEALING APPARATUS 


Specimens of the solid to be studied are prepared in 
the form of narrow ribbons which can be heated by the 
ge of 60-cycle ac current from a variable voltage 
supply. The ends of the specimen are clamped to heavy 
current leads which are cooled by a circulating fluid 
whose temperature is near that at which the physical 
property determinations are to be made. The apparatus 
must be arranged so that the physical property measure- 
ment are made only on some central region of the speci- 
men which receives an identical temperature history 
during any annealing pulse. The specimen and its 
directly associated apparatus are surrounded by a 
vacuum or some inert atmosphere which can have no 
deleterious effect on the specimen during the annealing 
pulse and cannot interfere with the subsequent physical 
property measurement. It is highly desirable to arrange 
the apparatus so that an entire pulse-annealing study 
can be performed on a single specimen without requir- 
ing any modification inside the vacuum (or inert 
atmosphere) envelope. 

Figure 1 shows an arrangement which has been suc- 
cessfully used in connection with studies on graphite. 
A specimen, 1 inch long, 0.10 inch wide, and 0.030 inch 
thick, was held between water-cooled copper clamps. 
These clamps carried the ac heating current during an 
annealing pulse and a very small dc current during the 
subsequent resistance measurement. The resistance of 
the center region of the specimen was determined from 
the emf measured between two probes in contact with 
the specimen and 0.080 inch apart. During annealing 
periods to temperatures as high as 2200°C, the region 
between these probes never acquired temperature dif- 
ferences larger than 5°C. The total specimen length 
exposed between the clamps was approximately 0.75 
inch. The specimen unit was mounted on a block of 
fired lavite and a guide provided to permit the expan- 
sion of the graphite during annealing pulses. One clamp 
was made sufficiently wide to shield the lavite during 
the annealing pulse in order to minimize back radiation. 
This assembly was supported on the copper tubes which 
served to carry electric current and water for cooling 
to the ends of the specimen. During operation the entire 
unit was enclosed in a vacuum bell jar normally oper- 
ated at about 10-5 mm Hg. 

The probes which touch the specimen near its center 
must not permit variation in the effective position of the 
electric contact during the entire annealing run. One 
scheme, which was usually successful, made use of 
0.005-inch diameter tungsten wire probes, sharpened by 
etching, and simply held against the graphite surface 
by spring tension. A more reliable arrangement, shown 
in Fig. 1, consisted of force fitting 0.008-inch diameter 
stubs into holes drilled through the graphite. The wire 
stubs were approximately 0.050 inch long and made 


PROCESSES IN SOLIDS 1013 





Fic. 1. Graphite specimen mounted in holder for electric 
resistivity measurements during pulse-annealing. 


of W, Ta, or Mo. Electrical contact was made by means 
of smaller diameter W leads arranged to press lightly 
against the stubs, while a small loop at the end of each 
lead prevented lateral slipping. During annealing to 
high temperatures a fraction of the stub underwent 
conversion to the metal carbide, but this introduced a 
negligible resistance change. 

For measurement of the central specimen tempera- 
ture during an annealing pulse, a Pt to Pt-10 percent 
Rh thermocouple was used at temperatures below its 
melting point. An optical pyrometer was used at higher 
temperatures and provided a check on the thermocouple 
over the range from approximately 800°C to 1700°C. 
The thermocouple was made by butt welding 0.005- 
inch diameter Pt and Pt-Rh wires in a specially made 
jig.* The thermocouple wire was then threaded through 
a 0.006-inch diameter hole drilled through the specimen 
just outside the probe region. When the thermocouple 
junction reached the midpoint of this hole, the wires 
were bent to prevent further motion and a tiny amount 
of sodium silicate cement was applied at the thermo- 
couple hole to improve thermal contact between the 
thermocouple wire and the graphite. In the optical 
pyrometer range it was possible to obtain several 
pyrometer temperature determinations during a single 
annealing pulse. The average of these gave a tempera- 
ture whose reliability was comparable to that obtained 
using the thermocouple. 

The electric circuit for controlled heating of the 
specimen as well as for accurate resistance measure- 
ment is shown in Fig. 2. For heating, power from a 
voltage regulator is fed to a variac and transformer 
arrangement. The output of the transformers may be 
connected across the specimen in series with a load re- 
sistor, or across the load resistor alone. The purpose of 
the load resistor is to overcome instability in the cir- 
cuit which may be produced by changes in specimen 


+E. F. Hammel, MDDC 776 or LADC 393. 
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Fic. 2. Circuit for electric resistivity pulse-annealing apparatus. 


resistance during heating and to serve as a means for 
accurately monitoring the transformer output. A 
vacuum thermocouple connected across a portion of the 
load resistor gives a precise measurement of the amount 
of load resistor current. It is sometimes desirable to 
adjust the variacs for heating power on the basis of 
specimen current. This can be done when the load re- 
sistor is connected in series with the specimen and the 
variacs are adjusted to give a particular vacuum ther- 
mocouple reading. Such a procedure is useful, for ex- 
ample, when the specimen is being pulsed to succes- 
sively higher temperatures. In this case a running plot 
of specimen temperature as a function of vacuum 
thermocouple reading is maintained during the course 
of the measurements. 

In other situations it is sometimes desirable to adjust 
the variacs to a given vacuum thermocouple reading 
when the specimen is not in the circuit. This procedure 
has proved useful when the specimen is being pulsed to 
successively higher temperatures and when it is neces- 
sary to keep the time for specimen heating as short as 
possible. After setting the variacs to some particular 
vacuum thermocouple reading, the switch is thrown 
which connects the specimen in series with the load 


RESISTIVITY (Ql om x 10%) 





PULSE TEMPERATURE (°C) 


Fic. 3. Pulse-annealing data showing variation in the electric re- 
sistivity of gas-baked carbon during preliminary graphitization. 
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resistor and produces the annealing pulse without fur. 
ther variac adjustment. In this case the specimen’; 
annealing temperature must be plotted against the 
vacuum thermocouple reading used in determining the 
variac setting, thereby providing a running record for 
predicting later variac settings. 

Usually the few seconds required for making the 
variac setting during actual specimen heating are of 
no disadvantage. Under such circumstances, if a speci- 
men thermocouple is available, it is a simple matter to 
advance the variacs to the proper position based on the 
specimen thermocouple reading. It is always very im. 
portant to avoid overshooting the desired specimen 
annealing temperature (specimen temperature implying 
that of the central region subjected to resistance 
measurements). 

To avoid resistance variations in the load resistor 
due to its own temperature changes, the resistor js 
made of nichrome ribbon submerged in a bath of 
propylene glycol. The bath is cooled, in turn, by a 
submerged coil of copper tubing in which tap water is 
circulated. Potentiometers, which aid in the specimen 
resistance measurement after each annealing pulse, 
are appropriately switched to measure the specimen 
thermocouple and vacuum thermocouple emf’s for the 
annealing pulses. 

If the variac setting is made before the heating pulse 
and no further readjustment is necessary, the approach 
to equilibrium annealing temperature is very nearly 
exponential. Likewise, the specimen cooling from the 
annealing temperature when the heating power is 
switched off is nearly exponential. Ideally, the tem- 
perature-time function during any annealing pulse 
would be a square wave. Knowing the time constant for 
the exponential temperature rise, it is possible to cor- 
rect for annealing which occurs during the approach to 
equilibrium temperature, although this complicates the 
analytical treatment of the experimental results. It is 
usually possible to neglect any annealing which occurs 
during specimen cooling. Also, it is usually true that 
by using heating pulses of one minute or more duration, 
it is possible to neglect all annealing except that taking 
place at the equilibrium pulse temperature. Approxi- 
mate analysis indicates that with a time constant of the 
order of one second, the timing error for a one-minute 
pulse is only a few percent and is, of course, even more 
negligible for longer pulses. Once an approximate kinetic 
expression is available for the relaxation process being 
studied, the timing correction is easily calculable and 
the data can be refined accordingly. 

Perhaps the most important feature of the technique 
described above is the accurate and rapid measurement 
of changes in physical properties up to very high tem- 
peratures. This is of paramount importance for such 4 
material as graphite. Most of the specific problems on 
graphite, to which the technique has been applied 
successfully, are of a classified nature. As an example 
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of the type of results which can be obtained, Fig. 3 is — 
’s presented. Measurements were made on a specimen of — 
re gas-baked carbon, during pulse-annealing to 2215°C. wena, seecomen 
re The annealing schedule consisted of one-minute heating iiacieaaitiaeaa ‘wee seuence to 
or periods at successively higher temperatures, separated ai arwavanct Rose / 

by about 25°C, in the region above 500°C. The electric coppen clamping / 
he resistivity was measured at 20°C after each annealing \ a / 
of pulse and is plotted in Fig. 3 as a function of the an- —* 
i- nealing temperature. The absolute values of the re- hd ae LJ 
to sistivity depend on initial dimensional measurements FRESE 
he of the region of specimen between the probes and, poe a = 
n- hence, are not as accurate as the relative values. enkidietesieats 
en The gas-baked carbon was originally made by cal- Fic. 4, Apparatus for mounting metal specimen for electric 
ng cining a mixture of coke and pitch at a temperature of resistivity measurements during pulse-annealing. 
ce about 1000°C. The pulse-annealing procedure simu- ; . ; 

lated the conditions which would take place during the ©0oling effect during the annealing pulse. To spot-weld, 
or early stages of graphitization when the gas-baked car- the fine thermocouple wire is brought in contact with 
is bon was heated in an electric furnace to temperatures _ the specimen surface, and then a capacitor is discharged 
of in the neighborhood of 2500°C. The variation in electric through a series circuit which contains the thermocouple 
4 resistivity measured during the pulse-annealing is, Wire and specimen. Satisfactory welds can be obtained 
is therefore, characteristic of that taking place during the With practically any material with proper choice of 
en preliminary graphitization process. Unfortunately, it Cpacitor size and charging voltage. : 
se, was impossible to carry the graphitization to comple- | To attach probes to aid in the resistance measure- 
en tion because of the appreciable carbon evaporation ment, a similar technique to that just described for 


he } which sets in at about 2200°C. Most of the resistivity thermocouples may be employed. Actually, it has been 
changes measured, including both increases and de- found practical to attach one thermocouple junction 











Ise creases, are presumably due to the diffusion of various t the site of each of the two probes and to use the 
ch impurities out of the sample. The sharp drop in re- thermocouple leads to measure temperature during the 
tly sistivity beginning at about 2100°C is largely a result annealing pulse and the central Specimen emf during 
he of growth of the graphite crystals. As this process is the subsequent resistance determination. The two cen- 
is carried to completion, the resistivity is known to drop tral thermocouples are useful in giving some check on 

m- to a value approximately one-half of that obtained temperature uniformity. To measure the emf for the 
Ise after the 2215°C annealing pulse. resistance determination, two like wires, one from each 
for of the junctions, are employed. 
or- MODIFICATIONS FOR PULSE-ANNEALING It is possible to make measurements with sharpened 
‘to OF METALS probes held against the specimen surface by spring 
the Pulse-annealing studies can be performed on metals tension, but this practice is not recommended. It is 
: is in a similar manner to that just described for graphite. even less desirable to depend on such an arrangement 
urs Some modifications, however, are necessary. Metal for the thermocouples. The spot-welding technique 
hat specimens should be made in the form of small wires or described above has proved very satisfactory. The 
on, of very thin, narrow strips. This smaller cross section volume of metal on the specimen surface which is 
ing increases the electrical and thermal resistance, thereby heated during the instant of welding{is so small that 
yxi- simplifying the heating problem. Also, it aids in creat- 
the ing a sufficiently flat temperature distribution over the 
ute central region of the specimen. In cases where the tem- 
ore perature uniformity is critical, it is advisable to con- 
etic nect the ends of the specimen to thin ribbons of some 
ing other metal which, in turn, are attached to the cooled 
and copper clamps. Such a pulse-annealing arrangement is 

shown in cross section in Fig. 4. The same apparatus is 
que illustrated more fully in Fig. 5. 

[ATo attach a thermocouple for determining the cen- 
ent , P _— ° 
ath tral specimen temperature, a spot-welding technique 
raf has been most successful. The two thermocouple wires 
| are welded, one at a time, to the specimen surface, 
er thereby making a junction and attaching it simul- 
. . 
pl taneously. The thermocouple wires are of small di- Fic. 5. Photograph of the pulse-annealing apparatus 


ameter, about 0.003 inch, to prevent any appreciable for metal specimens. 








1016 PARKINS, DIENES, AND BROWN 





. Pn 2 —_ 
Jt \| UN | 
J. \ | 


Vv ak 
io AN soe 
a on 333 373 “3 643 Te) 
200 


240 200 s20 360 400 
Tec) 














LI 
































Fic. 6. Difference curves for p from tempering experiments at 
two different rates of heating. 


there is no detectable effect on the properties of the 
specimen to be studied during the pulse-annealing 
schedule. In any case, the problem of the use of satis- 
factory probes and thermocouples for metal specimens 
is very simple compared with that for graphite. This is 
because the welding technique cannot be used with 
graphite and because the annealing temperature range 
of interest is much lower for most metals. 

The apparatus shown in Figs. 4 and 5 was designed 
to permit the use of ribbons of adjustable length, con- 
nected in series to the specimen. One ribbon is fastened 
to each end of the specimen to improve its temperature 
uniformity during annealing. The ribbons are clamped 
to copper blocks which are fastened, in turn, to water 
cooled supporting bars. These supporting bars. are 
slotted to provide adjustable locations for the clamping 
blocks. In studies on AuCu alloys, a molybdenum ribbon, 
0.005 inch by 0.125 inch by 3 inches, was connected to 
each end of a 1 inch long specimen. The cross-sectional 
dimensions of the specimen were similar to those of the 
ribbons. To connect the molybdenum and AuCu with- 
out introducing additional heat capacity, the two ma- 
terials were silver soldered together by means of a 
thin sheet of silver solder spot-welded between the 
speciment and the ribbon. This technique had the addi- 
tional advantage of avoiding any heating of the central 
region of the specimen during assembly. 

The entire apparatus, shown in Fig. 4 and 5, was in- 
serted into a bell jar and a vacuum seal was made at 
the base plate. Experiments have been conducted using 
an inert gas instead of vacuum. The gas has the ad- 
vantage, important in some cases, of shortening the 
time required for specimen cooling at the end of each 
heating pulse. With the AuCu alloy, argon was success- 
fully used for this purpose, whereas helium was found 
unsatisfactory since it caused the specimen material to 
become brittle. Other aspects of the experimental pro- 
cedure used with metal specimens were identical to 
those previously described for graphite. 

The technique described has been applied successfully 
to the study of the kinetics of ordering in the 50-50 
atomic percent AuCu alloy. These results are fully 
described elsewhere.‘ 


*G. J. Dienes, J. Appl. Phys. 22, 1020 (1951), companion paper. 


GENERAL THEORETICAL CONSIDERATIONS 


The experimental technique, described in Previous 
sections of this paper, is a very flexible one in tha 
almost any desirable temperature-time history dur 
pulse-annealing can be realized. It is pertinent to jp. 
quire, therefore, as to the type of information derivabj, 
from different kinds of experiments. The main purpog 
of this section is to discuss the theory of solid-state 
annealing or relaxation processes in general and the 
analysis of some typical experiments often encountered 
in practice. 

Let us assume that changes in physical properties 
are the result of changes in the number, 1, of some 
fundamental lattice disturbance. Further, we shall 
assume that m varies with annealing time according to 
the laws of simple, single-stage rate processes; i.e, g 
change in is governed by a chemical rate equation 


dn/dt= — Kyn%e~#!*7 (1) 


where Ko=specific rate constant, y= order of reaction 
and E=activation energy. Equation (1) is evidently 
not applicable to multistage processes. In these cases 
our discussion is applicable only to the individual steps 
constituting the over-all process. Complete description 
of the annealing process involves the determination of 
Ko, y, and E, as well as the dependence of the measured 
physical property, which is employed to follow the re- 
action, on the fundamental kinetic variable n. 


1. Phenomenological Determination of the 
Activation Energy 


The most important characteristic constant is the 
activation energy, E, of the annealing process. In this 
section it will be shown how E can be derived from ex- 
perimental data with a minimum of detailed knowledge 
of the relaxation process and a minimum of restrictive 
theoretical assumptions. 

Two types of heat treatments have been commonly 
used; namely, isothermal heat treatment and temper- 
ing treatment. During an isothermal heat treatment a 
physical property, , is measured as a function of time 
at a constant annealing temperature. For analysis, the 
physical property must be referred to a fixed tempera- 
ture. Consequently, if p is known as a function of T for 
each state of the material during annealing, measure- 
ments at annealing temperatures are satisfactory. We 
shall take this temperature coefficient as unknown and 
insist that p itself be measured at some fixed tempera- 
ture independent of the annealing temperature. In a 
tempering-type experiment the specimen is subjected 
to a fixed duration of anneal (usually short) at succes- 
sively higher temperatures. Again, we assume that p is 
measured at some fixed temperature. The theory will 
show that £ is unambiguously derivable from isother- 
mal experiments, while tempering experiments can be 
analyzed only approximately without introducing re 
strictive assumptions. Isothermal experiments will be 
covered first. 
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The physical property, p, which is used as an index 
of the reaction, must be connected to m at the fixed 
temperature of measurement (which is not, in general, 
equal to the annealing temperature) by a functional 
relation 


p=g(n). (2) 


The only restriction we shall impose on g(m) is that it 

shall be a single-valued function. The general theory 
will be given for any y#1. Obvious modifications, 

which do not influence the results, are necessary for 
=1. 

" At a constant temperature, T, Eq. (1) can be in- 
tegrated with respect to time, /, to give 


no 1—n'-¥ = Ko(1—y)e-#/*71, (3) 


where % is the value of m at =0. Elimination of n by 
combining Eqs. (2) and (3) gives 


[1/Ko(i—v) ]LA(po)—h(p) Jeter F"*? =u, (4) 


where fo is the value of p at /=0 corresponding to mo, 
and h is an unspecified function. 

If identical samples (same fo) are now exposed to 
different temperatures for varying lenghts of time and 
the relaxation in p is measured as a function of time, 
the activation energy can be determined unambigu- 
ously without knowing the form of h(p). This is ac- 
complished by determining the times and temperatures 
resulting in a particular value of p, each experiment 
being run isothermally and always with the same value 
of po. For such an annealing treatment, u in Eq. (4) 
must be constant. Thus, if p=c,, then 


u=te-¥/*T = ¢, (5) 
or 


log 1of = logi0¢2+ (E/2.303kT) . (6) 


From Eq. (6), the activation energy, E, is immedi- 
ately calculable. The value of E should be independent 
of c. The analysis is only applicable to a state of single 
activation energy. If any relaxation is not describable 
by a constant E, then logiof of Eq. (6) will not be linear 
when plotted against 1/7, and E will not be inde- 
pendent of c,. Thus, on the basis of the analysis pre- 
sented here, the E value can be determined without 
any but the most general assumptions concerning the 
relaxation process. Furthermore, the validity of assign- 
ing a constant value of E to any given relaxation state 
is automatically judged by the applicability of in- 
applicability of Eq. (6). It is to be emphasized that this 
analysis can be applied to the annealing of any physical 
property as long as m is a single-valued function of p. 

It may be pointed out here that from a purely mathe- 
matical standpoint a function p=f(m) can always be 
constructed such that m itself obeys the kinetic rate 
equation, Eq. (1). This means that, in the absence of 
further knowledge about the process under investiga- 
tion, the physical significance of m remains obscure. 
The phenomenological activation energy, however, has 
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considerable physical reality for any single-stage proc- 
ess, since it is a constant of the process independent of 
the kinetic behavior of » and is always defined and 
determinable. This method has been used successfully 
in a number of instances for activation energy deter- 
mination. An example is given in the accompanying 
paper for ordering in AuCu. 

As stated above, if the data do not conform to Eq. 
(6), then the process is not describable by a single ac- 
tivation energy and a distribution in E may have to 
be introduced leading to a considerable mathematical 
complexity. Vand* has done this on the basis of temper- 
ing experiments and has discussed approximate methods 
for evaluating the distribution function. This approach 
is complicated by the necessity of assuming an order 
for the process as well as a relation between p and n. 
To our knowledge, no clear-cut experiment has been 
presented in the literature for which a distribution in 
E is necessary to describe the results. 

As will become evident later, it is very difficult to 
determine E from more complex heat treatment ex- 
periments unless further knowledge about the kinetics, 
and particularly the relation between p and 1, is avail- 
able. One approximate method, which we have used 
with some success, should be mentioned. Suppose that 
a typical tempering experiment has been run with the 
sample subjected to pulses of fixed duration at suc- 
cessively higher temperatures. Let the pulses be short 
enough and the successive temperatures at close enough 
intervals so that the temperature-time history may be 
approximated by a linear relation 


T= To+al, 


where a@ is the rate of heating. The difference curve, 
Ap(=pi-—pi-1) vs T, will go through a minimum, as 
illustrated in Fig. 6 for a process of activation tempera- 
ture E/k=15,000°K for two different rates of heating. 
The curves of Fig. 6 were calculated for stepwise anneal- 
ing using 10°C temperature increments with 2- and 20- 
second pulses corresponding to heating rates a; and 
a2, respectively. Time scales and heating rates are 
only illustrative and are not actual experimental 
schedules. It can be shown that to a good approxima- 
tion the temperatures at the minima and the corre- 
sponding rates of heating are connected by the equation 


(1/a1)Tm? exp(— E/kTm) 
= (1/az) Tm? exp(— E/kT mz), (7) 


where a;, a,.=rate of heating in degrees per second, 
Tm, Tm2=temperatures of the minima in the differ- 
ential pulse-annealing curves at rates of heating a, 
and a, respectively (in °K), and E=activation energy. 
The detailed derivation of Eq. (7) is given in the 
Appendix. From the curves of Fig. 6, an E/k of 15,300 
is calculated. The advantage of this method is that 
it often permits a more rapid estimation of E than 


5 V. Vand, Proc. Roy. Soc. (London) 55, 222 (1943). 
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does the isothermal procedure. It is an approximation, 
however, and requires an accurate determination of the 
minimum point in the differential curve, which may be 
experimentally difficult. It should also be pointed out 
that in tempering experiments errors in measurement 
are cumulative to a large extent, since every point p, 
depends on the results of all previous points. In prac- 
tice, Eq. (7) has been found to be quite reliable, as long 
as the heating schedule is well approximated by a 
linear temperature rise, and is a useful technique in 
giving a rapid but approximate value for FE. When 
accurate activation energy values are desired, the 
technique of long time anneal at several fixed tempera- 
tures is advocated. 

Another point which is pertinent to the phenomeno- 
logical theory should be discussed. It may happen that 
the physical property, p, itself obeys a rate equation of 
the form 

dp/dt= — Ko' pre *!*". (8) 


From a comparison of Eq. (8) and Eq. (1), it is easily 
shown that for p to obey this rate equation the con- 
nection between p and n must be of the form 


p=crn? 


with the variables so adjusted that p=0 at n=0. Only 
in such cases are a phenomenological order and associ- 
ated rate constant derivable. 

In general, the connection between p and » must be 
determined independently before the kinetics of the 
process can be elucidated. Since the unspecified func- 
tion, /(p), in Eq. (4) contains the order of the reaction 
and its rate constant as well as the physical property 
dependence on n, these two effects cannot be separated 
without further independent information. By a purely 
phenomenological analysis, only the activation energy 
can be evaluated. 


2. Kinetic Analysis 
In this section kinetic analysis of various experi- 
ments will be presented with particular emphasis on a 
comparison of the two often used temperature-time 
schedules; namely, isothermal and tempering treat- 
ments. In the following it will be assumed that the 


functional relation between the physical property, #,. 


and the kinetic variable, m, has been determined. The 
analysis which follows illustrates how Ko, y, and E may 
be obtained from isothermal and from tempering ex- 
periments, where the measured changes in the physical 
property are a result of relaxation of a discrete activa- 
tion state of energy E. We have carried out similar 
analyses showing how this same information can be 
obtained where the activation state has some form of 
continuous energy distribution. For example, methods 
of analyzing square and gaussian energy distributions 
have been worked out. None of these special cases is 
considered a likely possibility, and only the analysis 
for the discrete case is presented. 


Isothermal rate curves are easily analyzed by means 
of standard techniques based on integrated rate equa. 
tions for the order of reaction, y, and the rate constant 
K, where K= Kye*'*", The activation energy, E, js 
then determined in the usual manner from the varia. 
tion of the rate constant with temperature. For cop. 
sistency of analysis, the activation energy determined 
in this way should agree closely with the value derived 
from a phenomenological analysis. 

The importance of the order of the reaction should 
not be overlooked. A high order reaction is characterized 
by a rapidly decreasing reaction rate with increas} 
time. The point we wish to make is the following: ft 
has been fashionable to regard solid-state rate processes 
as being of the first order. In terms of a first-order 
reaction, experimental curves characterized by higher 
orders would indicate, because of their rapid leveling 
off, that equilibrium reactions or a distribution of ae. 
tivation energies are involved. A careful scrutiny of the 
kinetics in terms of different possible values for y is 
advocated in order to distinguish more clearly between 
single-step and multistage mechanisms. For such a 
purpose, we feel that the isothermal technique is the 
most reliable. The kinetics derived from isothermal ex. 
periments should be further substantiated by carrying 
out experiments at different values‘ of mpg. 

A tempering experiment is defined here as one in 
which the specimen is subjected to temperature pulses 
of definite duration, with each pulse at a temperature 
higher than the previous pulse. We shall analyze tem- 
pering experiments where the pulse duration is kept 
constant. More complex annealing schedules can be 
treated in an analogous manner. Let the temperature 
of the ith pulse be denoted by 7; and the duration of 
the pulse by Al;=/;—t,;-;. For any given pulse, the 
kinetic rate equation can be integrated to give 


(1/n;7")—(1/ni17") 
=—(1—y)Koe“*'*7‘Al;, for yA, 
Inn ;/nis= — Koe"'*7At;, for y=1. (9) 
By taking logarithms 
Inf (1/n,7) — (1/ni1T™) J 
=In(y—1)KoAl;—(E/kT;), for y#1, 
In In{(m,-1)/n; ]=InKAl;—(E/kT,), 
for y=1. (10) 


For constant Al;, the kinetic constants are derivable 
by plotting the left-hand side of Eqs. (10) vs 1/7). A 
straight line with the proper activation energy will be 
obtained only for the correct y, and this linearity cri- 
teriont can be used to derive the value of y. Simple 


t G. W. Brindley has proposed a similar relation recently in 
connection with annealing of cold work in copper. (Report of a 
Conference on Strength of Solids, University of Bristol, July 7, 
1947; The Physical Society, London, 1948, p. 95). His equations 
are, however, incorrect, as he did not take into account the fact 
that for each Af; the relaxation starts at an m;_, different from ™ 
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calculations show, however, that it is essential to cover 
, wide temperature range accurately, because other- 
wise portions of the curved lines may be interpreted as 
straight, leading to incorrect values for E, y, and Ky. 

In practice, the main difficulty arises in obtaining 
sufficiently accurate data to be able to use the linearity 
criterion of Eqs. (10). The errors are cumulative in 
such an experiment, because each n,; depends on the 
n;-, of the previous step. In general, Eqs. (10) are far 
more useful in predicting the response-to such a heat 
treatment than in determining the fundamental] kinetic 
constants. Obviously, such an analysis cannot be car- 
ried out if the p=/f(m) relation is not known. 

In connection with tempering experiments, we may 
point out some of the difficulties encountered when a 
distribution in £ is introduced to describe the process. 
According to Vand*® a An/AT vs T plot, obtained from 
a tempering experiment, is an approximation to the 
shape of the distribution function in E. A plot of 
4n/AST vs T is shown for a process of discrete E(E/k 
=15,000°K) in Fig. 7 for two heating rates. It is evi- 
dent that a spread of about 10 percent at half-height 
js to be expected for a discrete activation energy be- 
cause of the mathematical approximations introduced 
by Vand in evaluating a distribution function. From 
such an analysis one would conclude, therefore, the 
existence of a distribution in E when, in fact, the 
activation energy is discrete. If the question of a dis- 
tribution in E vs discrete E arises, it is best settled on 
the basis of a phenomenological analysis of isothermal] 
curves. 
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APPENDIX. RELATION BETWEEN DIFFERENTIAL 
ANNEALING CURVE MINIMA AND THE 
ACTIVATION ENERGY 


The general] rate Eq. (1) is no longer simply integrable when the 
experimental conditions are such that the temperature is a func- 
tion of the time. Formally, we have 

n ¢ 
fdn/n?) = — Ko f'e# Tat. (Al) 
™ 0 
If the temperature-time history can be approximated by a con- 
stant rate of heating, one can write 


T =Total (A2) 


and 


dT =adt, 
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Fic. 7. Distribution function for Z according to Vand’s method 


where @ is the temperature rise per unit time. Substitution in 
Eq. (A1) and integration gives 


"kT /E 
nga 7 = (1—7)(Ko/a)(E/k) J porraT’. (3) 
& 


The differential curve measures 4p/AT as a function of T. First, 
we calculate dn/dt: 
dn/dt=aldn/dT) =—Kyn"e#'*7, (A4) 


Substituting for n’ from Eq. (A3) gives 


bitten [».' 1—(1—7)(Ko/a)(E/k) 


v8 7/U—y) 
xf" eurar’ | Kee F*?, (AS) 


kT QE 
The condition for maximum dn/dt is given by 
(d/dT)(dn/dt) =0. 
Using Eqs. (A5) and (A3) and denoting by 7,, the temperature 


at which the maximum in dn/dt occurs gives, after considerable 
simplification, the relation 


n- t= (yKo/a)e*! kT m(h / E) Tn?, 
or 


no 7 = (-yK o/a)e~#!*T (kT m?2/E) 
\ en *kT »/ EB 
+(1—7)(Ko/a)(E/k) J) e"T'aT’ (A6) 


is obtained. The condition for maximum can be expressed, of 
course, in terms of po by po=f(mo). However, for any given ma- 
terial and activation state mo, and therefore po, is constant. Thus, 


, kT »,/ EB 
(1/a)4 Tate Bla C17) 7 E/E e erar'f 


=constant. 


(A7) 
A change in the heating rate a produces a change in 7,,. From this 
shift in 7, the value of E may be approximately deduced as 
follows. For a first-order reaction the second term in Eq. (A7) 
is zero, and for higher orders the change in the second term is 


usually negligible relative to the first, over the range of E/T of 
interest. Approximately, then, 
(1/a) T;,2e~2/*7= = constant, (A8) 


which immediately leads to Eq. (7) of the text. 
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The kinetics of ordering in AuCu has been studied using electrical resistivity as the index of order. A 
purely phenomenological analysis of isothermal resistivity-time curves showed that ordering in this alloy is 
a process characterized by a single constant activation energy of 29 kcal. For further kinetic analysis, it is 
necessary to transform the raw data into isothermal order parameter-time curves. This was accomplished 
via Muto’s theoretical relation between resistivity and the Bragg-Williams order parameter, S. A consistent 
kinetic picture was obtained in terms of S, with the ordering process accurately described by a simple 
third-order rate equation with all the kinetic constants fully evaluated. The usual In (rate constant) versus 
1/T plot gave an activation energy of 28.5 kcal in excellent agreement with the phenomenological activation 
energy. Further experiments showed that the proposed kinetics predicts correctly the response to complex 


time temperature sequences. 
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I. INTRODUCTION 


HE work described in this paper deals with some 

of the fundamental aspects of the rate of ordering 
in the alloy AuCu. The objective of the research pro- 
gram on copper-gold alloys in this laboratory is the 
quantitative comparison of reaction rates in specimens 
disordered by (a) quenching from high temperature, 
(b) cold work, and (c) irradiation with high energy 
particles. Such studies are of considerable importance 
in investigating the fundamental nature of radiation 
damage.t The ordering reaction in AuCu was chosen 
for this purpose, because prior work indicated that, at 
least in certain temperature ranges, the ordering process 
may be a single-step one of well-defined activation 
energy. Sufficient information could not be found in 
the literature available to the writer to permit a quan- 
titative description of the ordering process, and, there- 
fore, rather detailed kinetic studies were carried out in 
an attempt to fill this gap. The purpose of this paper is 
to describe and analyze these results, which are of 
general interest in the field of solid-state kinetics. In- 
vestigations of the effect of cold work and cyclotron 
irradiations upon ordering rates are now in progress and 
will be discussed in later papers. 

The thermodynamics and statistics of order-disorder 
transformation have been investigated in considerable 
detail.'! Far less work has been done on the kinetics of 
the ordering and disordering process. Sykes and Evans” 
early work on AuCus;, based on electrical resistivity 
measurements, indicates that the kinetics of trans- 
formation in this alloy is complex with the ordering 


*This work was supported by the AEC under contract 
AT-11-1-GEN-8. Presented at the Los Angeles Meeting of the 
American Physical Society, December 28 through 30, 1950. 

t For recent declassified articles on radiation damage in solids 
see F. Seitz, Disc. Faraday Soc., No. 5, 271 (1949); and J. C. Slater, 
J. Appl. Phys. 22, 237 (1951). 

' For reviews see F. C. Nix and W. Shockley, Revs. Modern 
Phys. 10, 1 (1938); and R. H. Fowler and E. A. Guggenheim, 
Statistical Thermodynamics (Cambridge University Press, London, 
1949), pp. 563-607. For recent work see J. M. Cowley, Phys. Rev. 
77, 669 (1950); J. Appl. Phys. 21, 24 (1950); and Yin-Yuan Li, 
J. Chem. Phys. 17, 447 (1949). 

? C. Sykes and H. Evans, J. Inst. Metals 58, 255 (1936). 


taking place in at least two steps. This conclusion was 
confirmed by Siegel’s study using the elastic modulys 
as an index of degree of order.* 

In Gorsky’s early work* on AuCu the ratio of the 
lattice parameters, a/c, was measured as the structure 
changed from face-centered cubic to tetragonal during 
ordering. The a/c versus time data appear to be rather 
rough in terms of accuracy and comparability at dif- 
ferent temperatures because of lack of equivalence in 
starting points. From these data, by an analysis analo- 
gous to that given in Sec. III of the present paper, it 
appeared that ordering in AuCu may be essentially a 
single process with an activation temperature, E/k, in 
the neighborhood of 11,000°K. Further kinetic inter- 
pretation could not be made, since the connection be- 
tween a/c and the degree of order is unknown and is 
almost certain to be quite complex. 

More recently, Harker’s® x-ray studies indicated a 
continuous growth process ior the ordering of AuCu. 
Borelius,* Nystrém,’ and Borelius, Larsson, and Sel- 
berg® arrived at similar conclusions on the basis of their 
calorimetric, resistometric, and x-ray studies. In the 
225° to 325°C temperature range the tetragonal phase 
apparently grows continuously from the disordered 
cubic phase. These workers obtained an activation 
temperature of about 18,000°K. It was thought that a 
more detailed kinetic study would be particularly 
profitable in this temperature range where the ordering 
in AuCu is apparently a single-step process. 


II. EXPERIMENTAL 


The kinetics of ordering was followed by resistivity 
changes. The sample, in the form of a thin ribbon, was 
quickly heated by an electric current to a chosen an- 
nealing temperature, held at this temperature for the 
desired length of time, and followed by rapid cooling 

3S. Siegel, J. Chem. Phys. 8, 860 (1940). 
cm S. Gorsky, Physik. Z. Sowjetunion 6, 69 (1934); 8, 48 


5D. Harker, Trans. Am. Soc. Metals 32, 210 (1944). 
* G. Borelius, J. Inst. Metals 74, 17 (1947). 








7 J. Nystrém, Arkiv Fysik 2, 151 (1950). P 
* Borelius, Larsson, and Selberg, Arkiv Fysik 2, 161 (1950). 
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to a fixed temperature (25°C) for an in-place resistance 
measurement. This Cycle, which gives an essentially 
square temperature pulse of any desired duration, was 
repeated until sufficient data were obtained for an 
isothermal annealing curve, or for any other suitable 
temperature-time history. The details of the apparatus, 
methods of resistivity measurement, and temperature 
measurement and control are fully described in another 
aper.’ This technique, termed “pulse-annealing,” has 
been found to be rapid, easy to carry out, and of good 
reproducibility in any temperature range where the 
heating and cooling times are a small fraction of the 
reaction time. 

The polycrystalline AuCu samples were prepared as 
follows. The required weights of coppert and gold§ 
were melted in a graphite crucible in a hydrogen 
atmosphere. The sample was kept above 1100°C for 
about one hour with the container being shaken peri- 
odically, furnace cooled to a few hundred degrees C, 
and then air cooled to room temperature. The material 
was cold rolled into foils of about 0.005-inch thickness. 
The sample was then disordered by heating at 600°C 
for one hour followed by quenching. Chemical analysis 
of the sample gave 75.5 weight percent Au correspond- 
ing to 49.9 atomic percent Au. 

Most of the experiments carried out were isothermal 
ordering studies consisting of the determination of re- 
sistance-time curves at several constant temperatures. 
Such isothermal curves are most amenable to theo- 
retical analysis from the kinetic standpoint. Since it 
was highly desirable to use the same sample for many 
heat treatments, a standard technique of disordering 
was adopted consisting of a one-minute pulse at 600°C. 
This treatment brought the sample to a reproducible 
state as characterized by resistance measurement (Ro) 
at room temperature. This resistance did not corre- 
spond to that of a fully disordered sample but was 
about 5 percent lower corresponding to an initial re- 
sistivity of 13.5 micro-ohm cm (14.2 micro-ohm cm 
being the resistivity of a disordered sample of AuCu). 

The results of the isothermal experiments are given 
as relative resistivity, p/po(=R/Ro) versus t (t=time 
at reaction temperature) curves in Figs. 1 and 2, with 
all resistivity measurements taken at 25°C. The degree 
of reproducibility obtained is indicated by duplicate 
runs at 360°C. A more complex time sequence has also 
been studied, and a few long time furnace anneals 
carried out. These are discussed in Sec. V in connection 
with the kinetic analysis. 

A fully quantitative analysis of the p/po versus time 
curves is given in later sections. Qualitatively, Figs. 1 
and 2 are interpreted as follows. From 250°C to 360°C 
essentially only ordering is taking place at a rate which 
increases with increasing temperature. The equilibrium 

* Parkins, Dienes, and Brown, J. Appl. Phys. 22, 1012 (1951), 
companion paper. 


} Johnson, Mathey & Company, 99.999 percent pure copper. 
§ Fine grade dental gold, S. S. White Company. 
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Fic. 1. Isothermal relative resistivity vs time curves 
for ordering in AuCu. 


value at these temperatures after a long time anneal 
would correspond very nearly to complete order. As 
the reaction temperature is raised to 385°C and 390°C 
(Fig. 2), the apparent rate decreases and the final re- 
sistivity increases as compared to the results at 360°C. 
According to Nystrém’s work,’ the increase in re- 
sistivity obtained at the higher temperatures is due to 
the presence of an orthorhombic ordered phase. Ny- 
strém’s results also indicate that the rate of growth of 
the orthorhombic phase is slow relative to the tetragonal 
phase, and, consequently, this side reaction should lead 
to no complications below 360°C. The present paper is 
restricted to a study of the ordering kinetics in the 
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Fic. 2. Isothermal relative resistivity vs time curves 
for ordering in AuCu. 
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250°C to 360°C range where the influence of the growth 
of the orthorhombic form is negligible except perhaps 
at long times at the highest temperatures. 


Ill. PHENOMENOLOGICAL ACTIVATION ENERGY 


By a purely phenomenological approach, it is pos- 
sible to determine the activation energy directly from 
the relative resistivity versus time data. For this pur- 
pose it is not necessary to know’ the relation between 
the measured physical property (here p/po) and the 
fundamental quantity obeying a rate equation as long 
as a monotonic functional dependence may be assumed. 
As will be shown in Sec. IV, the kinetics of ordering can 
be formulated in a reasonable manner in terms of an 
order parameter, S. As far as the phenomenological 
activation energy is concerned, however, it is imma- 
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Fic. 3. Equivalent times and temperatures for the ordering 
process in AuCu. Numbers refer to the corresponding value of 
p/po. Average activation temperature: E/k=14,700°K; average 
activation energy = 29.2 kcal/mole. 


terial whether S is the true kinetic variable. It is only 
necessary to assume that a fundamental unit process for 
ordering exists and that this process, in terms of some 
suitable parameter, x, monotonically related to the 
measured physical property, obeys a rate equation. If 
the rate process is characterized by a single activation 
energy, the times and temperatures required to reach 
a given fixed fractional change in physical property 
must be related by the equation® 


te~®/*T = constant (1) 


regardless of the dependence of p on x. Conversely, 
conformation to Eq. (1) indicates that the rate process 
under investigation is a single-step process characterized 
by the activation energy, E. 

In Fig. 3 the data are plotted as logiot versus 1/T 





DIENES 


lines corresponding to various constant values of p/p, 
in accordance with Eq. (1). The lines are quite Straight 
with slopes independent of the value of p/po as required 
by the theory® underlying Eq. (1). There is some scatter 
in the slopes but no trend. From these lines an ave 
activation temperature of 14,700°K was obtained. 

The analysis so far indicates that one is justified jy 
seeking a kinetic interpretation based on a single process 
of ordering characterized by a single activation energy, 
No further progress can be made, however, on a purely 
phenomenological basis. In order to determine rate 
constants and orders of reaction, it is necessary to know 
the connection between the physical property measured 
(p/po) and the degree of order, S, which, as will be 
shown, describes the kinetics of the process. In the 
following sections the transformation from p/po to 5, 
and the kinetics of ordering in terms of S will be 
discussed. 


IV. RELATION BETWEEN RESISTIVITY AND 
DEGREE OF ORDER 


Muto” investigated theoretically the resistivity of a 
superlattice alloy as a function of the degree of order, 
In this investigation, which is analogous to Nordheim’s 
theory of the resistivity of alloys," a quadratic relation 
was derived for resistivity as a function of the Bragg. 
Williams order parameter, S. Muto’s final result may 
be written 

p=p'+p"S+p'"'S, (2) 


where p is the resistivity of the alloy. Two relations are 
immediately available for determining the adjustable 
constants in Eq. (2), namely, 


at S=0, 
at S=1, 


In order to evaluate all the constants, a third relation 
is assumed, 


p = Pda isordered , 
(3) 


P= Pordered- 


(dp/dS) s-o=0. (4) 


There is good experimental justification for this last 
step, as p is known to be rather insensitive to changes 
in the degree of order near S=0. Combining Eqs. (2), 
(3), and (4) leads to the following relation, which no 
longer contains any adjustable constants, 


(o— pora)/ (Pais — Por) -_ 1—S*, (5) 


with all the resistivities measured at the same tempera- 
ture. It is perhaps of interest to point out that if (1—S) 
is factored into (1—S)(1+S), it is easy to see that 
changes in the (1—S) factor account for most of the 
change in resistivity. Thus, Muto’s refined scattering 
theory for resistivity is not very different from a simple 
scattering theory according to which one would assume 
10 R. Muto, Inst. Phys. Chem. Research Sci. Papers (Tokyo) 
30, 99 (1936). , 
1 L. Nordheim, Ann Physik 9, 607, 641 (1931) ; Also see F. Seith 


Modern Theory of Solids (McGraw-Hill Book Company, Inc, 
New York, 1940), pp. 541-545. 
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a linear relation between changes in resistivity and the 
yariation in the fraction of disordered atoms. 

Most of the experimental support for relating re- 
sistivity to the Bragg-Williams long-range order comes 
from investigations of the AuCu; superlattice alloy. # 
The presence of differently oriented ordered domains is 
indicated also in AuCu by the calorimetric studies of 
Borelius and co-workers® as well as by the x-ray in- 
vestigations of Harker® and of Hultgren and Tarnopol." 
It seems likely, therefore, that also in this alloy the re- 
sistivity depends primarily on long-rather than short- 
range order. Estimates of average diffusion length 
during quench or during a very short anneal at reaction 
temperature point in the same direction, namely, that 
short-range order is essentially established before the 
kinetic measurements are started. || 

Further work is definitely needed in this field for a 
better understanding of the connection between physical 
properties and the lattice positions of the atoms. For 
example, simultaneous x-ray (lattice parameter as well 
as superlattice lines) and resistivity studies carried out 
on the same specimen of AuCu as a function of order 
would be extremely helpful. 


V. KINETICS OF ORDERING IN AuCu 


The results of the previous section enable one to 
transform relative resistivity-time curves into average 
degree of order-time curves which then can be subjected 
to kinetic analysis. Using po= 13.5, pais= 14.2, pora=4.4, 
the p/po versus time curves of Fig. 1 were transformed 
into the S versus time curves of Fig. 4. As explained in 
Sec. II, the kinetic measurements start at S»=0.265 
corresponding to po>= 13.5. The results are not sensitive 
to the exact choice of po. 

The kinetics of the ordering process is formulated as 
follows. In an AB superlattice alloy, the number of A 
and B atoms and the number of a- and #-sites are equal. 
let r be the fraction of correctly occupied sites, i.e., 
the fraction of ordered atoms. The fraction of disordered 
atoms is given by (1—r), with }<r<1. The order 
parameter, S, is then given by S=2r—1, with O< S<1. 
The phenomenological analysis of Sec. III has shown 
that, up to 360°C, the ordering takes place in a con- 
tinuous manner with a constant activation energy. 
Application of reaction rate theory to this process sug- 
gests then that the rate of ordering is proportional to 
some power of the fraction of disordered atoms. Thus, 


dr/dt= K(1—r)’, (6) 


and by substitution of S from r=}S+4, the kinetic 





#C. Sykes and F. W. Jones, Proc. Roy. Soc. (London) 157A, 
213 (1936) ; 166A, 376 (1938). 

4 C. Sykes and H. Evans, J. Inst. Metals 58, 255 (1936). 

*R. Hultgren and L. Tarnopol, Trans. Am. Inst. Mining Met. 
Engrs. 133, 228 (1939). 

| The writer is indebted to Dr. L. Guttman, who reviewed an 
tarlier version of this paper, for clarification on these points as 
well as for calling the writer’s attention to several important 
questions of interpretation. 
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Fic. 4. Isothermal order parameter vs time curves 
for ordering in AuCu. 


relation becomes 
dS/di= K(1i—S)?. (7) 


One has to determine now the order of reaction, 7, 
the rate constant, K, and the activation energy associ- 
ated with K. The experimental data of Fig. 4 were 
found to be very well described by y=3. For y=3, 
integration yields 


[1/(1—S)*]—[1/(1—So)"] = 2Kt. (8) 


The experimental data are plotted according to Eq. 
(8) in Figs. 5 and 6. While there is some scatter around 
the straight lines, it is evident that a third-order kinetic 
equation describes the results very well. Deviations 
toward low values at high temperatures and long times 
are attributable to the growth of the orthorhombic 
phase.” The influence of the orthorhombic transforma- 
tion is negligible over the main course of the reaction, 
and rate constants are reliably determined by the 
slopes of the straight lines of Figs. 5 and 6. With time 
expressed in minutes, the rate constants given in 
Table I were obtained. 
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Fic. 5. Data of Fig. 4 plotted as a third-order reaction. 
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Fic. 6. Data of Fig. 4 plotted as a third-order reaction. 
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The kinetic data obtained at 250°C are plotted ac- 
cording to a second- and fourth-order reaction in Fig. 7. 
The nonlinearity of these curves, in comparison with 
the 250°C line of Fig. 6, shows very clearly the su- 
periority of a third-order reaction, over those of other 
order, in describing the data. A similar comparison is 
valid at the other temperatures. 

The logarithm of K is plotted against the reciprocal 
of the absolute temperature in Fig. 8. A good straight 
line can be drawn through these points, giving an ac- 
tivation temperature of 14,300°K. This in excellent 
agreement with the phenomenological activation energy 
determined in Sec. III from the raw relative resistivity 
data, as it, indeed, must be for consistency of analysis. 
Expressed in calories, the activation energy, or perhaps 
more precisely the heat of activation, for ordering in 
AuCu is 28.5 kcal per mole. 

Expressed as a complete equation for K, the line of 
Fig. 10 gives 

K=4.46X 10%e—1800/7 (9) 


The frequency factor of this equation appears to be a 
reasonable number. Further interpretation will have to 


TABLE I. Rate constants for ordering of AuCu. 











Rate constant, K Temperature, 
(min~) (°C) 
0.065 250 
0.204 275 
0.61 300 
1.78 325 
7.50 360 
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Fic. 7. Order parameter-time data obtained at 250°C plotted as 
second- (y=2) and fourth- (y=4) order reactions. 


wait for an elucidation of the atomic mechanism 
involved. 

It is desirable to check a little further on the kinetics 
proposed here. Equation (9) was derived from data 
obtained on samples of an identical initial degree of 
order, So. Thus, one parameter in the kinetic equation 
(Eq. (9)) was kept constant, and it is important to 
know whether the proposed kinetics predicts the cor- 
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Fic. 8. Rate constant vs 1/T curve for ordering in AuCu; 
E/k=14,300°K. 


















rect behavior with respect to initial degree of order. To 
investigate this point, the following experiment was 
run by the technique described in Sec. II. The sample 
was allowed to order for 30 minutes at 250°C, with 
readings taken every 10 minutes. These points checked 
closely with the 250°C curve given in Fig. 1. At the 
end of this treatment, S was 0.597. The reaction tem- 

rature was changed to 275°C, and the ordering was 
followed for 70 minutes, giving a final S of 0.826. At 
this point, the temperature was changed to 300°C, and 
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the reaction followed for 40 additional minutes. The 
data are shown in Fig. 9. 

These data can be analyzed according to Eq. (9) 
using the proper So, namely, Sp=0.597, at 275°C, and 
$)=0.826 at 300°C. The corresponding plots are shown 
in Fig. 10, with the rate constants obtained from these 
runs indicated on the graph. Excellent agreement is 
shown with previously determined K values (see Table I 
and Fig. 8). The proposed kinetics evidently predicts 
correctly the response to such a relatively complex heat 


treatment. 


A few long-time furnace annealing experiments were 
also run. In these cases, the sample was initially essen- 
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Fic. 9. Order parameter-time curves for a complex 
temperature-time history. 
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tially completely disordered, and, consequently, S» was 
taken to be zero in all calculations. From the kinetically 
determined rate constants, S was calculated for any 
given heat treatment and the results compared to the 
experimentally determined values as derived from re- 
sistivity measurements made at the end of the long- 
time anneals. This comparison is shown in Table II. 
Good agreement is observed, further substantiating the 
proposed kinetic picture. Since these samples were 
initially completely disordered, the data of Table II 
also indicate that the ordering reaction in AuCu is not 
characterized by an induction period measurable over 
the temperature range covered in these experiments. 

It is also of interest to compare the predictions of the 
kinetic equations with typical tempering experiments. 
By a tempering treatment the following temperature- 
time history is meant. The sample was subjected to 
temperature pulses of fixed duration, A/;, at succes- 
sively higher temperatures, 7';. Two such experiments 
were performed using 5-minute pulses and varying the 


temperature in 10°C and 20°C steps, respectively. On 
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Fic. 10. Data of Fig. 9 plotted as a third-order reaction. 


the basis of Eqs. (8) and (9), the response of the ma- 
terial to such a heat treatment is easily calculable.{ 
For any one of the pulses the following relation holds; 


log{{1/(1—S,)?J—[1/(1-—-S 1)? }} 
=log2K At;—(E/2.3kT;), (10) 


where S;=degree of order at the end of the ith pulse, 
S;-1= degree of order at the end of the (i—1)th pulse, 
At;= duration of pulse, 7;=temperature of ith pulse. 
The calculated and experimental points are com- 
pared, according to Eq. (10), in Fig. 11. Quite good 
agreement is observed, particularly if it is kept in mind 
that in such an experiment each step depends strongly 
on the result of each previous step and that, conse- 
quently, errors are to a large extent cumulative. 


VI. DISCUSSION 


The kinetic analysis presented in Sec. V is internally 
consistent as shown by the agreement of the activation 
energy derived from the kinetic study with that deter- 
mined from the purely phenomenological analysis. 
Further, the proposed kinetics predicts correctly the 
response to complex time-temperature sequences. Con- 
sequently, the proposed kinetics is a useful, and at least 


TABLE II. Long-time furnace anneals. 











S S 

Heat treatment Calculated Experimental 
20 hr at 250°C 0.920 0.930 
0.945 
100 hr at 250°C 0.964 0.970 
0.985 
20 hr at 300°C 0.975 0.973 
0.977 
100 hr at 300°C 0.989 0.988 
0.983 








{| For a discussion of the interpretation of various types of 
annealing experiments see reference 9. 
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phenomenologically, a correct description of the order- 
ing process in AuCu. 

The value of the activation energy obtained in this 
study is somewhat lower than the value given by 
Borelius.® It is felt, however, that the data of Fig. 3 
offer strong support for the value derived from the 
experimental resistivity-time curves. It should be re- 
emphasized that the activation energy, since it can be 
derived by a purely phenomenological analysis of the 
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isothermal resistivity data, is entirely independent of 
the subsequent kinetic analysis. The magnitude of the 
activation energy indicates that diffusion phenomena 
play an important role in this order-disorder traps. 
formation. The activation energy for ordering, 285 
kcal, is within experimental error identical to the ar. 
tivation energy for diffusion of Cu in AuCu alloys 
namely 27.4 kcal, as given by Jost.'® 
According to the results presented, the ordering 
kinetics in AuCu is a simple one below 360°C and does 
not appear to proceed by a multistage nucleation and 
growth process. At least, no measurable induction pe. 
riod could be observed in these experiments. Further, 
the ordering process does not obey the type of time law 
expected on the basis of nucleation and growth as de. 
veloped by Borelius and co-workers.* Rather, it has 
been shown that the data are accurately represented 
by a chemical rate equation of the third order. The 
physical significance of this result is not yet clear, and 
further theoretical and experimental work is necessary 
to elucidate the mechanism of this order-disorder trans- 
formation. In the interim, the results of the present 
investigation are fully usable as a correct phenomeno- 
logical description of the ordering process in AuCu. 
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Flow of Gases in Porous Media 


L. H. Witson,* W. L. Srssitt,f AND M. Jaxost 
Purdue University, Lafayette, Indiana 


(Received January 29, 1951) 


This paper presents a brief theoretical review of the viscous and free molecular flow phenomena. The 
equations which describe these two types of flow are applied to flow through porous media and are com- 
bined to yield a semi-empirical equation which may be used not only for the viscous and free molecular flow, 
but also for the transition region between these. Experimentally determined limiting values of the ratio of 
molecular mean free path to pore diameter are reported. These ratios may be used to indicate the nature 
of flow in a porous media provided the pore size is known, or they may be used to determine pore size 


experimentally. 





INTRODUCTION 


ITH the recent developments in industrial use 
of low pressure filtering and the sweat-cooling 
application in rocket work using porous media, a knowl- 
edge of flow characteristics in porous media is required. 
The fundamental theoretical considerations necessary 
to characterize viscous and free molecular flow in capil- 
lary tubes have been known to physicists for a long 
time; however, the molecular flow is not so familiar to 
engineers. Therefore, this paper starts with a brief 
presentation of these different types of flow. 


TYPES OF FLOW IN CAPILLARY SPACES 


Rupert (1),§ in his paper on viscosity determination, 
states that flow through porous filters exhibits normal 
gas dynamical behavior and the filter behaves like an 
infinitely long capillary—thus, Poiseuille’s equation is 
sufficient to describe the flow. This viewpoint needs 
considerable clarification, since the flow would not be 
of the gas-dynamical nature if the pore size were suffi- 
ciently small or the pressure sufficiently low. The pres- 
ent authors found, when attempting to determine high 
temperature viscosity data experimentally by allowing 
gas to flow through a porous graphite test section at 
atmospheric pressure, that the gas exhibited no viscosity 
effects within a temperature range from 70°F to about 
3000°F. Obviously, the flow was of a free molecular 
nature rather than the normal viscous flow. 

There are essentially four distinct types of fluid flow 
to be considered. They are (a) normal gas-dynamic flow, 
(b) viscous slip flow, (c) free molecular flow, and (d) the 
transition zone. Tsien (2) differentiates between these 
various regions by assuming limiting values of the ratio 
\/6, where \ is the molecular mean free path and 6 is 
the boundary layer thickness. Although this type of 
differentiation is useful for aerodynamic purposes, it has 
no significance for general flow conditions. Each type 
flow will be considered separately. 





*DuPont Research Fellow, Purdue University, Lafayette, 
Indiana. 

_t Associate Professor of Mechanical Engineering, Purdue 
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Institute of Technology, Consultant in Heat Research, Armour 
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Gas Dynamic Flow 


At normal pressures the volumetric rate of flow 
through cylindrical tubes can be expressed by Poisiuille’s 


law: 
V =(nr*/8Lu)(pi— pr). (1) 


The assumptions in the derivation of the equation are 
that the velocity of flow at the wall is zero, the velocity 
profile is identical along the tube, and uy is a constant. 
In applying this equation to flow through porous media 
mr/8L is a constant depending upon the geometry of 
the porous plate and must be determined experimen- 
tally. Here, r is a fictitious radius and LZ a fictitious 
length of a tube which would replace the porous plate 
regarding its flow resistance. From the kinetic theory 
explanation of the mechanism of flow, the resistance 
forces are entirely due to molecular momentum inter- 
change and the viscosity is independent of pressure. 


Viscous Slip Flow 


It is observed that in flow through tubes at relatively 
low pressures there is an apparent decrease in the coefhi- 
cient of viscosity. This effect is ascribed to a slipping of 
the gas at the walls of the containing vessel. If this 
velocity is taken as instead of zero, the resulting 
tangential force F on the wall is assumed to be propor- 
tional to #; and the surface area 


F=Ku,A, (2) 


where K is called the coefficient of external friction. 
Making a force balance on a differential length of the 
tube dL, 

—rrdp=F=2nrKudL, (3) 


one then obtains 
u,=(r/2K)dp/dL. (4) 
If this is used as the lower velocity limit in the deriva- 


tion of Poiseuille’s equation, the integration yields 


V = ar'(pi— p2)(1+-4€/r), (S) 


where 


f= p/K=(u/pm)(ag-RT)?. (6) 


The symbol ¢ is called the slip coefficient and represents 
the ratio of internal to external friction of the gas. 
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Free Molecular Flow 


The physical concept of slip is applicable only in the 
case where the layer of gas flowing is many mean free 
paths thick so that ordinary viscous flow exists in the 
more distant parts. The situation is altogether changed 
where the gas layer is thin enough or the density low 
enough so that the collisions of the molecules with each 
other are extremely rare in comparison with the colli- 
sions of the molecules with the walls of the vessel. 
Assuming that the velocities of the molecules conform 
to the maxwell distribution law, it can be shown by a 
balance of momentum transfer and pressure drop in a 
tube of length L that 


V = (x/2)4(r°/L)(g-RT)*(p1— 2)1/ Pm. (7) 


This type of flow is called free molecular flow. The 
volume of gas flow is independent of viscosity, but in- 
versely proportional to pressure. Again, when applying 
this equation to a porous medium, (2/2)!r°/L is a 
constant of geometry which must be determined 
experimentally. 
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Fic. 1. Apparatus for fluid flow investigations. 


The Transition Zone from Viscous to Free 
Molecular Flow 


In the normal gas-dynamic flow the controlling factor 
is the transfer of momentum between molecules, while 
in the free molecular region the controlling factor is 
molecular bombardment of the walls of the vessel. There 
is obviously a transition zone between these types of 
flow where the collisions between molecules and the 
collisions of molecules with the wall are both of appreci- 
able importance. There is no completely satisfactory 
theoretical presentation of the solution to this problem; 
however, Brown, Di Nardo, and associates (3) have 
presented a semi-empirical type of solution for flow 
through tubes, elbows, and valves. 

For a rough approximation it may be stated that for 
flow through tubes, if r/A> 100, the normal viscous flow 
is predominate, while if r/A<1, the free molecular flow 
is predominate. 


SUMMARY OF THEORY 


Equations (1), (5), and (7) describe the viscous, 
viscous slip, and free-molecular flow regions, respec- 
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tively. It may be noted that when the value of the slip 
coefficient € in Eq. (5) is zero, the equation reduces ty 
Eq. (1). It may also be noted that when the value of § 
is very large so that the 1 in Eq. (5) may be neglected 
Eq. (5) reduces to Eq. (7). This observation implies 
that, in so far as mathematical description is concerned 
the regions previously termed “viscous slip” anq 
“transition zone” may be considered as one region, say, 
the “slip region,” no matter what the physical mech. 
anism in the two zones may be. 

Equations (1) and (7) may be applied to porous media 
when the geometry factors have been determined } 
calibration; however, Eq. (5), which applies to the slip 
region, cannot be used directly, since the value of ¢ jp 
the additive term cannot be measured. This value can 
be determined from the calibrated constants in Egg. (1) 
and (7). Equation 1 may be arranged in the form 


V=C,(Ap/z), (8) 
where : 
Cy = ar /8L. (9) 
Equation (7) may be written in the form 
V=C2(g-RT)*(p1— p2)1/ Pm, (10) 
where 
Co= (2/2)3(r*/L). (11) 


Taking the ratio of C:/C2, one arrives at the following 
expression for r: 
r=(Ci/C2)(2)'(x)}. (12) 


From Eqs. (3), (11), and (12) the fictitious radius r and 
length L can be determined. Substituting this expression 
in Eq. (5) and simplifying, we obtain the following 
equation: 


V=(Ci/u)ApL1+ (C2/Ci)(u/pm)(geRT)*], (13) 
or in terms of the slip coefficient 
V=(Ci/u)Ap(1+CxkC,), (14) 


which is a quite general expression for the flow through 
a porous plate. 


EXPERIMENTATION 


There is obviously some critical value of the ratio of 
molecular mean free path to pore diameter which will 
determine the nature of flow in a porous medium. It is 
desirable to determine the critical ratio below which 
viscous flow will exist and the other critical ratio above 
which free molecular flow will exist. 

In order to investigate the flow characteristics in 4 
porous medium, a stainless steel apparatus as shown in 
Fig. 1 was constructed. The mean free path could be 
varied over a considerable range by controlling the 
pressure in the apparatus. Three stainless steel porous 
plugs were placed in series in the apparatus, the first of 
which acted as a filter. The second plug was } inch thick, 
and the third $ inch thick. By subtracting the pressure 
drops across the latter two plugs, the end effects were 








dre 











canceled. The porous plugs had a pore size of 4 to 6 
microns, and a porosity of 10 to 30 percent. The gas 
rmeability was given as 0.72 darcys.|| 

For the low pressure runs the pressure drop was 
measured with a mercury manometer and the volu- 
metric rate of flow was determined by measuring the 
discharge from a vacuum pump in a 4-liter calibrated 
burette. The pressure in the system was controlled by 
means of a cartesian manostat. 

For the high pressure runs the pressure in the system 
was maintained at a constant value by throttling the 
gas when discharged from the system. The pressure 
drop was measured with a water manometer and the 
flow rate with a precision wet-test gas meter. 

In this investigation all runs were made at room 
temperature. Helium and nitrogen were employed to 
give a check of the results. 


RESULTS 


Figures 2 and 3] show the results of the experimenta- 
tion. Figure 2 shows the free molecular flow region for 
helium and nitrogen with Ap/V plotted against average 
pressure. The value of Ap/V is directly proportional to 
average pressure in the free molecular region and is 
represented by curve A for nitrogen and C for helium. 
Curves B and D represent the experimental values. 
The deviations of curves B and D from the free- 
molecular-flow curves indicate the beginning of the 
transition from free molecular to viscous flow. In the 
free molecular flow region the slopes of curves A and C 
should have a ratio of the square roots of the molecular 
weights of the gases under consideration. In this case 
the ratio should be 2.64; the measured value of the 
ratio was 2.50. 

Figure 3 shows the viscous flow region for nitrogen 
and helium. Curves A and C represent viscous flow in 
which Ap/V is independent of pressure. Curves B and 
D are the experimental curves indicating the initial 
section of the transition zone from viscous to free 
molecular flow. The ratio of the ordinates of curves A 
and C should be equal to the viscosity ratio of the two 
gases at 75°F. These ratios were found to agree within 
1 percent. From Fig. 2 one would expect that the 
molecular mean free path of the nitrogen at the point 
of tangency of curves A and B would be equal to the 
mean free path of the helium at the point of tangency 
of curves C and D. Actually, for helium the mean free 
path is between 5.4 and 6.5 microns and between 5.2 
and 5.7 microns for nitrogen. Figure 3 indicates the 
transition from viscous flow to begin at a mean free 
path between 0.15 and 0.22 micron for nitrogen and 
between 0.25 and 0.30 micron for helium. These dis- 
crepancies were probably caused in part by experi- 
mental error and in part by the uncertainty of molecular 





| A darcy is defined as 1 (cc/sec) /cm?/(atmos/cm). 

{| Since the pressure at points of deviation of experimental from 
theoretical curves in Figs. 2, 3, and 4 were the only points of 
interest,\the units of measurement on the ordinates were chosen 
for convenience. 
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Fic. 2. The free molecular flow region. 


mean free path data. These discrepancies were of little 
consequence for this investigation, however, since the 
pore size of the stainless steel was known only within 
an accuracy of +20 percent. 

Figure 4 shows a comparison of the experimental 
values with the curve given by Eq. (13). It may be 
noticed that the two curves agree within 5 percent 
except in the low pressure transition zone and the initial 
portion of the free molecular zone. The reason for this 
deviation is that the additive term in Eq. (5) is not of a 
magnitude such that the quantity 1 may be entirely 
neglected. The two curves would, of course, fit well in 
the lower pressure free molecular region. 

The fictitious tube radius r was calculated from Eq. 
(12) using experimentally determined values of C, and 
C2. The value of r thus calculated was found to be 3 
microns, which agrees with the data given by the manu- 
facturer of the porous plugs. 


CONCLUSIONS 


From the experimental data it may be concluded that 
viscous flow will exist in a porous medium if the ratio of 
the molecular mean free path to pore diameter is less 
than 0.025. This value was obtained using the minimum 
mean free path and assuming the pore diameter of the 
stainless steel to be 6 microns. Free molecular flow will 
exist if the ratio of the molecular mean free path to pore 
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diameter is greater than 1.6. This value was obtained 
using the maximum mean free path and assuming the 
pore diameter is 4 microns. 

Equation (12) may be used to determine a pore radius 
for fluid flow, the accuracy of the determination depend- 
ing upon the instrumentation in the evaluation of C, 
and C2. For engineering purposes Eq. (13) may be 
applied to the transition zone as well as the free molecu- 
lar and viscous flow regions. 

The principal features of the development presented 
here are that considerations of specular and diffuse 
molecular reflection as discussed in reference 3 need not 
be applied for flow in porous media. Also, the more 
accurate, but less direct, method proposed by Adzumi 
(7) may be avoided for the purpose of engineering 
calculations. 
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NOMENCLATURE 


A Area (ft?) 
C, Geometrical constant (ft*) 
C, Geometrical constant (ft?) 
F Force (Ib) 
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P,, 210° Pe, * 10" 


Gravitational constant (ft/sec?) 
Coefficient of external friction (Ib sec/ft*) 
Length (ft) 

Pressure (lb/ft?) 

3(p:+ 2) mean pressure (lb/ft?) 
Tube radius (ft) 

Individual gas constant (ft lb/Ib °R) 
Absolute temperature (°R) 

Velocity (ft/sec) 

Volumetric rate of flow (ft®/sec) 
Boundary layer thickness (microns) 
Slip coefficient (ft) 

Molecular mean free path (microns) 
Dynamic viscosity (Ib sec/ft?) 
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It is shown that the Walther and Andrade equations, while very satisfactory for moderate ranges of 
temperature, are not adequate to define the dependence of the viscosity of liquid normal paraffins on 
temperature over extended ranges. One method of developing a viscosity-temperature relationship is pre- 
sented that gives equations defining this dependence with satisfactory validity. The purpose of this paper 
is to show that the precise dependence of the viscosity of liquids on temperature is complicated. This is in 
contrast to the relatively simple relation for the precise dependence of the viscosity of liquids on free-space 


which will be presented in subsequent papers. 





HE dependence of the viscosity of liquids on 

temperature has been studied by many investi- 
gators over a long period of years, and a large number 
of relationships involving these variables has been 
accumulated. A resumé of a number of these expres- 
sions relating viscosity to temperature may be found 
in a chapter by the author in Alexander’s Colloid 
Chemistry.. None of these relationships has proven 
satisfactory over extended ranges of the variables. 

In an effort to gain further insight into the nature 
of the flow process and of the dependence of viscosity 
on various factors, a study has been in progress in this 
laboratory for a number of years. Although solutions 
of resinous materials and homologous series of polar 
liquids (solvents) were at first studied, it became ap- 
parent as the work progressed that it would be neces- 
sary to deal with homologous series of compounds of a 
type that would be as free as possible from complica- 
tions due to association. Accordingly, a series of ten 
very pure normal alkanes was prepared, ranging in 
molecular weight from 72 to 900; and the densities and 
viscosities were measured with great accuracy over a 
range of temperatures from —10°C to 300°C. The 
densities were measured in specially designed pyc- 
nometers; the viscosities in a carefully calibrated 
Ubbelohde viscometer. A description of the synthesis 
and measurement of these compounds, with an esti- 
mate of the accuracy of each measurement, is published 
elsewhere.” For convenience in making the subsequent 
calculations, the measured densities and viscosities 
were adjusted to their corresponding values at even 
temperatures, applying methods of interpolation de- 
scribed in the previous paper. The temperatures chosen 
were — 10°, 20°, 50°, 100°, 150°, 200°, 250°, and 300°C. 
Table I lists the values of the densities and viscosities 
adjusted to these even temperatures, and Fig. 1 is a 
plot of the natural logarithms of these “observed” 
viscosity values against reciprocal absolute temperature. 

Many of the expressions proposed by investigators 

‘J. Alexander, Colloid Chemistry (Reinhold Publishing Cor- 


poration, New York, 1950), Vol. VII, pp. 150-154. 


7A K. Doolittle and R. H. Peterson, J. Am. Chem. Soc. 73, 
2145 (1951). 


for relating the viscosity of liquids to temperature were 
examined critically by us in the light of this body of 
extensive and accurate data. Of all the expressions 
examined, the Walther equation,* 


log log(v+-0.8) = —n log(T/T1)+ log log(vr,+-0.8) 
=A logT+B, (1) 


where v= kinematic viscosity, T= absolute temperature, 
and the de Guzman-Andrade equation,*5 


n= AeB!T or Inn= B/T+1nA, (2) 


where n= viscosity and T=absolute temperature, best 
reproduce the data over extended ranges of tempera- 
ture. The Walther equation was considerably better 
at the low temperature end of the range for each com- 
pound studied. Reference to Table II will show the 
closeness of fit of these two equations in the case of 
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Fic. 1. Logarithms of observed viscosities of normal 
alkanes vs reciprocal absolute temperature. 


3C. Walther, Proc. World Petroleum Congr., London 2, 419 
(1933). 

* J. de Guzman, Anales soc. espaii. ffs. Lo. 11, 353 (1913). 

SE. N. da C. Andrade, Nature 125, 309 (1930). 
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Iny 


899.68 


Inn 


506.95 


Iny 
Inn 


114.22 
0.005479 
0.003928 
0.002554 

394.74 


0.008314 


0.7265 
0.7026 
0.6782 
0.6350 


—5.115 
—5.477 
—5.776 


—6.166 


In» 


100.20 


0.006008 


0.004180 
0.003100 


0.002099 


0.7087 
0.6839 
0.6582 
6.6119 


Inn 
—5.772 


—6.031 


72.15 
184.35 
” 


0.003114 
0.002404 


TABLE I. n-Paraffin hydrocarbons. Observed densities and viscosities adjusted to even temperature values. 


4 By extrapolation from 109.89°C, 
¢ By extrapolation from 110.08°C. 


; density in g/ml (in vacuum). 


0.6548 
0.6263 


1/T 
003800 
003411 

from —5.48°C. 


0 
* By extrapolation from 22.00°C. 


0 


m-- 
Note. Viscosity, 9. given in poises 


® By extrapolation from —5.4°C. 


> By extrapolation 
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n-heptadecane. Since both of these functions ar 
transcendental, their constants were determined from 
our data by approximation methods. The “best lines” 
(or curves) were established as the ones for which the 
sums of the squares of the deviations of the viscosities 
(not their logarithms) gave minimum values. 

The Walther equation, a double exponential type, ig 
well known as the basis of the ASTM cross section 
paper for rectifying viscosity-temperature data of 
lubricating oils. It is obviously without theoretical] 
significance, however, since it becomes meaningless 
when the kinematic viscosity, v, approaches the valye 
0.2. The Andrade equation, on the other hand, is quite 
widely accepted as a fundamental relationship, and 
several theoretical or quasi-theoretical treatments have 
been advanced leading to this form of equation. 

In spite of the good fit afforded by the Walther and 
the Andrade equations over moderate ranges of tem. 
perature, it is clear by reference to Table II that a 
corresponding degree of validity is not obtained when 
the temperature range under review is extensive. De. 
viations of four to twenty or more times the known 
accuracy of the measurements occur over practically 
the entire range of the measurements (280 centigrade 
degrees) when either of these equations is applied to 
our n-heptadecane data. 

Since none of the relatively simple relationships for 
expressing the dependence of the viscosity of liquids on 
temperature that have been proposed in the literature 
are adequate to define the values as accurately as they 
can be measured, and for several other reasons, we 
were led to the belief that perhaps temperature is not 
a primary variable upon which the viscosity of liquids 
depends. It seemed more probable that viscosity varies 
in a regular manner with some property of liquids that 
is itself affected, in a more obscure way, by changes in 
temperature. An extensive study was therefore carried 
out in this laboratory to relate viscosity with the rela- 
tive free-space, or more accurately, with the fractional 
increase in volume due to the thermal expansion of the 
liquid. This study will be reported in subsequent 
publications. 

Before abandoning altogether the thought that tem- 
perature might be a direct variable, a considerable 
study was made of our normal paraffin data in an 
attempt to find a relationship, empirical or other, that 
would reproduce the measured values with satisfactory 
validity. The only purpose in presenting the present 
paper is to demonstrate (1) that even the best of the 
relatively simple viscosity temperature functions is 
inadequate to reproduce the measured values accu- 
rately over extended ranges of temperature and (2) that 
relationships that do reproduce the measured values 
with satisfactory validity are necessarily complicated 
and not likely to hold promise of fundamental sig- 
nificance. 


In the process of developing a more accurate vis 
cosity temperature relationship, a great many methods 
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Tasie II. Viscosity of n-heptadecane. Comparison of observed values with those calculated by Andrade* and Walther? equations. 











Andrade* Walther® Equation (4) 

Percent* Percent Percent Percent 

T Nohs accuracy Neale error Neale error Teale error 
332  ©~—-: 0.04209 0.2 0.03948 —6.2 0.04297 +2.1 0.04030 —43 
323.2 0.02170 0.2 0.02244 +3.4 0.02170 0.0 0.02165 —0.2 
373.2 0.01018 0.2 0.01071 +5.2 0.009901 —2.7 0.01027 +09 
423.2 0.005984 0.3 0.006084 +1.7 0.005754 —3.8 0.005978 —0.1 
473.2 0.003938 0.5 0.003896 —1.1 0.003843 —2.4 0.003915 —0.6 
$23.2 0.002785 0.6 0.002717 —2.4 0.002801 +0.6 0.002762 —08 
$73.2 0.002030 0.8 0.002018 —0.6 0.002159 +64 0.002047 +0.8 
3 (Percent error)*— 87.3 73.3 20.9 











s Ing =1785(1/T) —9.320. 

» jog log( +0.8) = —3.6000 logT +8.7855. 

¢ The assignment of accuracy values is described in reference 2. 

Coefacients in the Andrade and Walther equations approximate least-square 


of plotting the data were examined. None of the methods 
employed by others that were investigated by us ap- 
peared to offer much hope for success. Attempts to 
express the constant B in the Andrade equation as a 
function of temperature were particularly frustrating, 
asmay be appreciated by reference to Fig. 2 from Table 
[II. Only when the graphically determined slopes of the 
Ing ts 1/T curves were plotted against Inn was any regu- 
larity obtained. This method of plotting (see Fig. 3) gave 
astraight line (with slope 500) for all molecular weights 
at 100°C (T=373°K). For most of the values applying 
to molecular weights 240 and lower, the points fell on 
straight lines (for each temperature) parallel to the 
above line. For all values applying to molecular weights 
above 240, the points fell more or less on straight lines 
that converged to a common point on the T= 373 line. 
It is not claimed that the parallel and converging lines 
represented in Fig. 3 accurately define these slopes. The 
relationship is obviously only approximate. The justi- 
fication for using this method of developing a viscosity- 
temperature differential equation is simply that it 
represents the greatest regularity found after extensive 
study and that the integrated forms derived from this 


TaBLe III. n-Paraffin hydrocarbons. Values of d(Inn) 











values as determined by repeated trial and error calculations. 


equation do reproduce the measured values quite 
satisfactorily. 

From the geometry of Fig. 3, it can readily be shown 
that 


d \Inn/d(1/T) = 500 Inn+ 4023+ A(T— 373). (3) 


For the parallel lines, 4 = 4.54; for the converging lines, 
A =(500/T+127)-(—2 Inn—5). Strictly speaking, the 
values that lie on the converging lines are those above 
the normal, d Inn/d(1/T)= —500 Inn—750, that is, the 
values of d Inn/d(1/T) when 


500 Inn+ 4023+ 4.54(T — 373) > — 500 Inn— 750, 
or when 
— Inn> (4.547/ 1000)+ 3.08, lie on the converging lines. 


Actually, this definition puts one value of m=156, 
three values of m= 184, and three values of m= 240 on 
the converging lines instead of on the parallel lines. 
The additional validity that might be gained by 
utilizing both values of A in the case of these three 
compounds does not justify the use of two equations 


d(1/T) determined graphically from Innot. vs 1/T. 











n— 72.15 100.20 114.22 128.25 156.30 184.35 
d(In») / d(in») / d(inq) / d(inx) / d(In») / d(iny) 
T 1/T Inn d(1/T) Inn d(1/T) Inn d(1/T) Iny d(1/T) Inn 4(1/T) Ing 4(1/T) 
263.2 0.003800 —5.772 660 —5.115 932 —4.790 1093 —4465 1260 —3.832 1650 —3.23% 2095 
293.2 0.003411 — 6.031 660 —5.477 938 —5.207 1055 — 4.939 1180 — 4.435 1443 — 3.972 1741 
323.2 0.003094 —5.776 940 —5.540 1044 —5.305 1150 —4.878 1362 —4494 1563 
373.2 0.002680 — 6.166 940 —5.970 1040 —5.781 1145 —5.430 1315 —5.116 1482 
4232 0.002364 —6.149 1178 — 5.845 1329 —5.582 1457 
473.2 0.002113 — 6.191 1417 — 5.947 1505 
=— 240.46 394.74 506.95 899.68 
d(Inn) / d(Inn)/ d(in») / d(iny) 
T 1/T Inn d(1/T) Inn d(1/T) Inn d(1/T) Inn d(1/T) 
293.2 0.003411 —3.168* 2279 
323.2 0.003004 —3.830 1931 
373.2 0.002680 — 4.587 1727 —3.550 2239 —3.019 2486 
423.2 0.002364 —5.119 1679 —4.227 2065 —3.766 2252 —2.639 2714 
413.2 0.002113 —5.537 1693 —4.727 1990 —4.309 2135 —3.282 2480 
523.2 0.001911 — 5.884 1765 —5.129 2052 —4.739 2155 —3.776 2438 
373.2 0.001745 —6.200 1960 —5.479 2132 —5.102 2214 —4.183 2430 











* By extrapolation. 
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Fic. 2. Slopes of the Iny vs 1/T “lines” vs reciprocal 
absolute temperature. 


<240, but has a variable value for the higher molecular 
weight paraffins. Integration gives two equations, one 
applicable to molecular weights =240, the other to 
molecular weights > 240. 

2. The deviations from the measured viscosities of 


RELAXATION. 








II! 

















Fic. 3. Slopes of the Inn vs 1/T “lines” vs Inn. 


values calculated according to these integrated forms 
are within the accuracy of the measurements in a 
majority of the cases. In only 2 of our 49 cases do these 
deviations exceed the accuracy of the measurements 
by >1 percent. 
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The previous theory of linear reversible creep is extended and permanent (plastic) deformations are taken 
into consideration. General relations are established between the distribution functions of relaxation times 
of stress, and retardation times of strain. A particular type of distribution function is considered in detail 
and it is discussed in a qualitative way how the existence of a plastic component in creep affects the distribu- 


tion function of relaxation times. 


N two previous papers! the general theory of linear 

relaxation was developed. In particular, the role of 
the distribution functions of relaxation times of stress 
and retardation times of strain was considered, and 
relations between the creep and the relaxation curves 
were obtained. The theory as exposed in these papers 
was confined to the case where all deformations were 
completely reversible. Plastic deformations and perma- 
hent set were excluded from the considerations. Neither 
have they been treated, so far as we know, in theoretical 
papers by other authors. This obviously represents a 
severe limitation. It is the purpose of the present paper 
to-generalize the theory so as to include such phenom- 
ena. To keep in line with the former treatment, how- 


'B. Gross, J. Appl. Phys. 18, 212 (1947); 19, 257 (1948)—in this 
Bw to as I and II. See S. Whitehead, J. Sci. Instr. 21, 
( 5 





ever, effects are still considered to be linear. This mean$ 
that the plastic deformation produced by application of 
a constant load (stress) is supposed to increase with time 
at constant rate, and at any time to be strictly propor- 
tional to the load. This again represents a limitation for 
the theory, but is the only case amenable to a simple 
treatment. 


I. REVERSIBLE CREEP AND PLASTIC DEFORMATION 


In the general case now under consideration, the 
deformation which a viscoelastic body experiences 
under application of a constant load (stress) contains 
three components: 


(a) The instantaneous elastic deformation given by 


PF/E, 
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where P» is the applied load, E the instantaneous modu- 
lus of elasticity, and F a form factor; 
(b) The delayed reversible deformation, 


Po (t)F/E, 


where y(/) is the creep function; 
(c) The plastic irreversible deformation, 


PonFt. 


The total deformation under constant load therefore can 
be written as: 


y(t) = (F/E)Po(1+y()+ ki). (1) 


And k= En. 
The total deformation under varying load P(t) follows 
from (1) as 


F t t 
wo=_( P+ f Podolt—s)art f kP(7)dr). (2) 


g(t) is the rate of creep given as g(/)=dy/dt. The two 
integrals can be written as a single integral with the 
introduction of a new function 


¢*(t)= o(t)+k. 


Employing ¢*, the expression for the total deforma- 
tion takes the same form as that given in I, Eq. (2). 
Physically the difference lies in the fact that now the 
rate of creep contains a constant term, while formerly 
it went to 0 when time goes to ~. 


II. RELAXATION 


Introduction of a component of plastic deformation 
does not change the formal expression for stress relaxa- 
tion under constant strain. Therefore this relation is 
vw itten in the same form as before (I, Eq. (4)). 


P(t)=(E/F) yo 1—¥(0)], (3) 


where y(/) is the relaxation function. For varying stress 
this becomes 


E t 
P(t) --(s0- J ¥(7) ot— nr), (4) 


where ¢(/)=dy(t)/dt is the rate of relaxation. 


III. APPLICATION OF THE LAPLACE TRANSFORM 


The coexistence of Eqs. (2) and (4) implies a relation 
between the functions ¢ and ¢. This can again be 
obtained with the aid of the laplace transform. Multi- 
ply both (2) and (4) with exp(— p/) and integrate over 
t from 0 to ©. Observe that 


J " rea J “P(r)olt—n)dr 
= ( f . eP(pat) (f relbat), (S) 
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a similar relation holding for the integral involving y 
and ¢.? Introducing again the laplace transforms of 9 
and ¢ by 


L(p)= J e~P* a(t) dt (6a) 


L(p)= f Pt (t)at, (6b) 


there results easily 


L(p)=(L(p)+k/p1/[1+k/p+L(p)]. (7) 


Equation (7) already permits a useful conclusion. It 
follows from it that when p=0, L(0)=1. But from (6b) 
L(0)=(«). Therefore 


¥(o)=1, (8) 


whatever the form of ¥(/). Then, according to (4a), 
under constant deformation the stress will always decay 
to 0: A substance suffering plastic deformation will 
always show complete relaxation. 

It has been shown in I that mathematical and phys- 
ical considerations justify the representation of both 
and ¢ as laplace transforms, 


’ 


dhe f -?tp(s)ds (92) 


2(i)= f -*p(s)ds. (9b) 


Substituting Eq. (9) in Eq. (6) gives again 





* p(s)ds 
tom fem 
0 stp 
. * p(s)ds 
L(p)= ——, (10b) 
0 s+p 


Rotating the argument through (— 7) gives 





o )d 
L(pe-i*) = f sini, il 


s—p 


(11b) 





‘ ” p(s)ds 
Lipe*)= [+ insip). 
0 s—p 
Exactly the same transformations have been employed 
already in J. A discussion of Eq. (11) has been given 
elsewhere.’ Substitution of (11) into (7) gives finally, 


J+inp=[J—k/ptinxp]|/[1—k/pt+J+ixp], (12) 


where 
@ 
p(s)ds 
‘i f (13) 
0 s—p 
2R. V. Churchill, Modern Operational Methods in Engineering 


(McGraw-Hill Book Company, Inc., New York, 1944), p. 37. 
3B. Gross, Phil. Mag. Ser. 7 51, 543, (1950). 
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ON CREEP AND RELAXATION. III 


ga: snnlogous exquation holding ‘er J and #. Separation 
into real and imaginary component gives 


a(p)dp=p(p)dp/L(l—k/pt+J)+m’p?]. (14) 


The integrals (11) and (13) are principal values. 


IV. THE DISTRIBUTION FUNCTIONS 


The interpretation of creep and relaxation experi- 
ments in terms of distribution functions has become 
widely accepted.* These are introduced by the equations, 


W)=8 f F(r)(1—e~"!")dr, (15) 


i= f P(x)(1—e-"*) dr. (16) 


F(r) is the distribution function of retardation times 
of strain, and F’(r) that of relaxation times of stress. 
To be distribution functions they must satisfy the 
normalization condition, 


f F(r)dr=1; f F(r)dr=1. (17) 


0 


Comparison of (15), (16), and (9) gives the relation 
between the auxiliary functions p and the distribution 
functions F. 


BF(r)dr=—[p(p)/pldp, p=1/r, (18) 


an analogous equation holding for F. Substitution of 


(18) into (14) gives the relation between F and F. 
Observing that from (8), (16), and (17), 





B=1, (19) 
there results 
P(r)dr 
BF(r)dr 
= . (20) 
© BF(u)duy 
[imartr: f ———| +[BrF(r) P 
0 Tf 


This is the fundamental equation of the present theory. 
It shows how F can be calculated when F is known. In 
consequence of the particular form of (20), this calcula- 
tion is possible when F is given in analytical or numeri- 
cal form. Possibly the integrations have to be carried 
out by approximate or numerical processes, but in 
principle they are always possible. The importance of 
(20) derives from the fact that a corresponding equation 
does not hold for the relation between the creep and 
the relaxation functions. If one of these functions is 
given, the other has to be calculated in a much more 
involved way than that given above. 


*C. Zener, Elasticity and Anelasticity of Metals (Chicago Uni- 
versity Press, Chicago, 1948). 
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Fic. 1. Relaxation spectrum for m=0. 


V. THE COLE-DISTRIBUTION 


It is well known that a complete analogy exists be- 
tween the anelastic properties of solids and the phe- 
nomena of dielectric absorption and dispersion in 
dielectrics.* For dielectrics, Cole and Cole® have shown 
that most data can be satisfactorily represented by a 
special function which is related to a transcendental 
known as the Mittag-Leffler function. The use of this 
function for the interpretation of relaxation data has 
already been proposed several times,’ and Nolle® has 
found that it indeed yields an approximate representa- 
tion of the results of measurements made with rubber- 
like materials, although in this case it apparently does 
not have the same general validity as for dielectrics. 
However it certainly is sufficiently flexible to permit at 
least a qualitative discussion of the influence exercised 
by the presence of plastic deformation. Therefore, in 
the following use will be made of it to develop the rela- 
tion between the time distributions and to put into 
evidence more directly, the scope and possibilities of the 
present theory. 

The ratio of mechanical displacement to mechanical 
force is analogous to the ratio of the electrical displace- 
ment to electromotive force (S. Whitehead, refer- 
ence 1). Electric current is proportional to the deriva- 
tive of electrical displacement. The Cole function for 
the absorption current therefore is analogous to a Cole 
function for the rate of creep. And the distribution 
function which Cole and Cole have derived from their 
data is identical with the distribution function of re- 
tardation times of strain F(r)dr. Thus we put, accord- 
ing to reference 6 (1941), Eq. (13), 


F(r)dr=[sinrm/(r™+ 7-"+2 cosrm) |(dr/mr). (21) 


Here m is a parameter which expresses the width of the 
distribution, and 


0<m<1. (22) 


| 
of 
| 


2 














| 




















| 
2 25 37 35 
Fic. 2. Relaxation spectrum for m=1. 


5A. W. Nolle, J. Polymer Sci. 5, 1 (1950). 
6K. S. Cole and R. H. Cole, J. Chem. Phys. 9, 341 (1941); 10, 
98 (1942). 


7B. Gross, J. Appl. Phys. 18, 212 (1947). R. Sips, J. Polymer 
Sci. 5, 55 (1950). 
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r is actually a reduced time, but this obviously does not imply a restriction. Substitution of (21) into (20) 
and evaluation of the integral by means of the formulas (11) finally yields 































































































1 aBrF(r) dr 
P(r)dr=- = (23) 
aw (1—kr+8[r"+-cosam]/[r"+ 7-"+2 cosrm] P+[xBrF(r) ? + 
9 : for very small and very great values of +, the facto, 
multiplying dr/r tends to 0 as it must, for otherwise 
8 \ the integral would diverge. The length of the interya| 
| increases with decreasing m, while the amplitude of F 
7 | decreases. Then 
| 
| ahm/4 dr 
6 | P(r)dr= —. (24d) 
| [k(r—71) P+[4Bm/4} ar 
S For small values of 7 this is essentially a 1/7 distribution 
4 like (24a); for high values of 7, F goes to 0 with 1/7, 
| Q Se Se See | 
er Y | | es 
il | \ | | | 
. 7 ++ 
\ | 
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Fic. 3. Distribution functions xF(r) (solid curve) 
and #F(r) (dashed curve) for m=0, 1. 


For the discussion of this formula we consider differ- 


ent values of m. 


(a) Wide Distribution 
For m—0, F is approximately a 1/7 distribution, 
F(1r)dr=mdr/4r. (24a) 


Equation (24a) is valid only within a certain interval 
of r, which depends on m. Outside this interval, that is 
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Fic. 4. Distribution functions xF(r) (solid curve) 
and xF(r) (dashed curve) for.m=0, 5. 
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Fic. 5. Distribution functions xF(r) (solid curve) 
and xF(r) (dashed curve) for m=0, 9. 





Superposed there appears a peak which in the limit m=0 
becomes a line with center at 


71= (1+ 8/2)/k. (25) 


This follows from the form of the factor of dr/r in (24b) 
which is that of a 6-function,® 


il € 
§(7— 71) = lim - ————_. (26) 
0 @ (7-71) +2 
8 For this representation and other properties of the 6-functioa 


see B. van der Pol and H. Bremmer, Operational Calculus (Cam- 
bridge University Press, London, 1950), p. 71. 
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ELECTROSTATICALLY 


The F-spectrum is shown in Fig. 1. When considering 
this figure one must observe that only in consequence 
of the linear scale the 1/7 distribution prevailing at 
small values of 7 appears like a line at r=0. In the 
logarithmic scale which would be proper for this region 
f would increase linearly with decreasing + over a wide 
interval. 


(b) Sharp Distribution 
For (m—1)—0. F is approximately given by 
a(1—m) dr 


F(r)dr= —, 
[(r—1)*/e 4+ #*(1—m)? wr 





(27a) 


There is F(0)=0. Then comparison with (26) shows 
that in the limit m= 1 this is a sharp line with center at 


r=1. (28) 
The corresponding F is given by 
” Bx(1—m) dr 
P(r)d —. (27b) 





Ck (r— ra) (r— 12) P+ L Ba (1—m) Fr 


INDUCED PERMANENT 


MEMORY 1039 


Again one has F(0)=0. 7; and 72 are the roots of the 
equation, 


(1+6+k)+[(1+8+k)*—4k }} 
2k 





(29) 


TiL3™ 


In the limit m=1 the expression (27b) corresponds to 
that of a 6-function with argument (7—7;)(r—72), 
representing two lines with centers at 7; and 72 (Fig. 2). 


(c) Medium Wide Distributions 


In Figs. 3 to 5 are shown curves for m=0, 1; m=0, 5; 
m=O, 9. For the sake of simplicity the calculations were 
made with the values B=1 and k=1, as above. 

These curves show that the existence of plastic de- 
formation always produces a separate peak in the re- 
laxation spectrum. This peak is very sharp when the 
retardation spectrum is sharp too, and in this case the 
relaxation spectrum has indeed two peaks. For a 
medium wide retardation spectrum the peak is rather 
blunt but still clearly discernible. However when the 
spectrum of retardation times becomes extremely wide 
and is approaching the 1/7 distribution, the peak in the 
relaxation spectrum becomes very pronounced again. 
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The possibility of using a ferroelectric substance (barium titanate) as a medium for storing information is 
described. Preliminary experiments were performed to determine the necessary conditions for inscribing 
and erasing electrostatic preorientation in barium titanate ceramics at a temperature somewhat below the 
Curie point. The results suggest the possibility of a memory device that can be operated in the range of audio- 


frequencies or higher. 


INTRODUCTION 


HAT we call “memory” is a link between time 

and space. Events occurring in time have to be 

transformed into a space arrangement or pattern corre- 

sponding to the given time function. If this trans- 
formation is stable, it becomes a permanent memory. 

The storing and recovering of information is a typical 

communication problem with some unique features 

added. 


A memory device has three characteristic operations: 


' writing, reading, and erasing. The main aspects on 


which one particular device is chosen are speed of 
operation, cost per stored information unit (binary 
digit), space requirement per information unit, and 
reliability, or the reciprocal of the frequency of errors. 
For example, if space is at a premium, one must con- 
sider data such as that given in Table I, which presents 


4 comparison among a few of the important memory 
devices 


TaBLE I. The specific capacity of some important memory devices. 








Type of memory Approximate specific capacity 


6.7X 10° units/cm? 





Human brain 


Microfilm 3.5X 105 
Dictionary 3.5X 104 
Magnetic tape 1.8X 104 








The specific capacity of a memory may be defined as 
the number of information units per unit volume. 

Most of the electrostatic methods are of the dynamic 
and fast working type, in which a regeneration process 
permits the information to be retained.'~5 


1A. V. Haeff, Electronics 20, 80-93 (1947). 
2J. A. Rajchman, ‘“‘Selectron,” Mathematical Tables and Other 
Aids to Computation (October, 1947), Vol. 2, pp. 359-361. 
3 Eckert, Luhoff, and Smohar, Proc. Inst. Radio Engrs. 38, 498- 
510 (1950). 
4R. C. Hergenrother and B. C. Gardner, Proc. Inst. Radio 
Engrs. 38, 740-747 (1950). 
( 5 Jensen, Smith, Mesner, and Flory, RCA Review, 9, 112-145 
1948). 
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Fic. 1. Hysteresis loop of barium titanate. 


Attempts have already been made to get an electro- 
statically induced permanent memory using electro- 
static forces for the storage of information. This was 
done by placing on an insulator charge patterns corre- 
sponding to the information to be stored. By the at- 
tracting forces of this electrostatic charge pattern, 
very small flowing particles could be deposited, which 
would show a pattern similar to the original change 
pattern. The whole process can be conceived of as the 
development of the electrostatic charge patterns by the 
mutual attraction existing between the charge pattern 
and the small moving particles.®7 

This method suggested, as a new possibility, the de- 
veloping and fixing of electrostatic charge patterns by 
the use of movable dipoles instead of movable particles. 
It appeared that it might be possible to use a ferro- 
electric material in which the polarization, like the 
magnetization of a ferromagnetic material, is a func- 
tion of the applied field, and in which a strong remanent 
polarization can be obtained. However, the analogy is 
not perfect, because the ferroelectric substances such 
as BaTiO; do not have external fields like magnets or 
electrets, and the signal can therefore be obtained only 
by utilizing the piezoelectric effect by applying me- 
chanical stresses such as ultrasonic waves. 


PERTINENT PROPERTIES OF THE BARIUM 
TITANATES' 


Ferroelectricity, the spontaneous alignment of perma- 
nent electric dipoles by an applied external field, can 
be considered as stored potential energy, which in- 
creases the internal energy of the crystals. This energy 

* Paul Selenyi, Z. tech. Physik No. 12 (1936). 


7R. M. Schaffert, Science News Letter (October 23, 1948). 
* A. von Hippel, Revs. Modern Phys. 22, 221 (1950). 
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may be expressed simply, according to Debye,’ as 
0,= —jaNE=—}6P*. 


This expression, gives the change in energy per unit 
volume due to spontaneous polarization, where a= 
larizability, E=intensity of electric field, 8B=Loren, 
factor. This energy, also called activation energy, would 
be of the order of magnitude of 50 watt-sec/gram jf 
total polarization could be achieved in a single crystal, 
while in a polycrystalline ceramic structure only 10 
percent of this value may be obtained. The polarization 
P can be calculated by the product of the number of 
dipoles, V, per unit volume and their average dipole 
moment, @. (One cm* contains 1.56X10” complete 
cells with an average dipole moment, fi, 4.34 10- esy, 
or simply 4.34 Debye.) 

Figure 1 is a plot of polarization P versus electric 
field E. Several significant points noted on the curve are: 

Total polarization, P,, is the theoretical maximum 
polarization obtainable if all the dipoles were to be 
aligned in one direction. 

Remanent polarization, P,, is the polarization remain- 
ing when the electric field E is reduced to zero. Just as 
the magnetic hysteresis loop can today be varied by 
pretreatment and alloying, the electric remanence and 
coercive force can also be controlled. (For example, by 
introducing some lead titanate, a remanent polarization 
that is really permanent may be produced.) 

Coercive field, E., is the field needed for the oblitera- 
tion of the remanent polarization P,. The actual value 
of the coercive field is of the order of 25,000 volt/cm. 

Spontaneous polarization, P,, shows the alignment of 
permanent electric dipoles caused by an applied ex- 
ternal field, and it is determined by the highest appli- 
cable field strength. This is the most characteristic 
property of a ferroelectric material. The actually ob- 
tained value of P, is about 15.5 microcoulombs/cm’ or 
46,500 esu. 

Prepolarization may be any degree of orientation of 
the normally randomly distributed permanent electric 
dipoles. 

Piezoelectric property—If BaTiO; material is polar- 
ized in any degree, piezoelectric properties are induced 
in it. 

Figure 2 is a plot of relative piezoelectric sensitivity 
versus time and field parameter, and shows that the 
saturation polarization is reached sooner with higher 
potential gradients, but that even small voltages polar- 
ize the material ultimately.’ 

Figure 3 is a plot of spontaneous polarization, P,, 
versus temperature." The quantity P, is the value of 
polarization in the (001) direction, which is measured 

*P. Debye, Polar molecules (The Chemical Catalog Com- 
pany, Inc., New York). 

10 Howatt, Grownover, and Dramets, Electronics 21, No. 12 
(December, 1948). 


1 W. J. Mertz, Technical Report XIV, Laboratory for Insula- 
tion Research, M.I.T., 1949; Phys. Rev. 76, 1221 (1949). 
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directly by the charge accumulated on electrodes 
applied to (001) faces of a single crystal. 

Figure 3 shows that when a BaTiO; sample cools 
and passes into the ferroelectric range below the Curie 
temperature, a great jump in spontaneous polarization 
occurs. In other words a AT of a few degrees just below 
the Curie temperature causes the randomizing action 
of thermal motion to vanish very rapidly. This fact is 
most significant, since it is possible to cause a fast 
randomizing action in a previously oriented BaTiO; 
material. By a similar process, previously randomized 
permanent electric dipoles may be easily polarized. 
It was observed that the transition is of a second-order 
type with no latent heat; but with a very small jump 
in specific heat, the influence of which can be neglected 
in this discussion since the change of the specific heat, 
4c, near the Curie point was observed to be around 
3.10? cal per gram per degree, while /7;"AcdT, the 
total energy represented by the specific heat anomaly, 
was found” to be approximately 0.25 watt-sec/gram 
which is only approximately one two-hundredth part 
of the obtainable polarization energy. 

Writing and erasing energy considerations.—It may 
be seen from Figure 3 that in the vicinity of the Curie 
point the orientation or randomizing action can be ac- 
complished by a small change of energy. It should be 
noted that if AT is around 3°C, the drop of saturation 
polarization is not greater than 50 percent. In other 
words, at 3°C below the Curie temperature 50 percent 
of the randomizing action of thermal motion has al- 
ready vanished. For the sake of simplicity, this abrupt 
jump of polarization may be considered to be linear 
when AT does not exceed 10°C. [For practical purposes, 
all energies will hereafter be expressed in watt-seconds 
and will be referred to a unit volume of one cubic 
centimeter or one gram. | 

The process of storing information in a ferroelectric 
material may be accomplished at a working tempera- 
ture of a few degrees below the Curie point by using 
electric signals, representing the information, to supply 
the small additional energy needed to cause a polariza- 
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Fic. 2. Polarization time as a function of field strength. 





* Wal, Blattner and Merr, Harwood, Popper, and Rushman. 
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Fic. 3. Spontaneous polarization as a function of temperature. 


tion pattern by randomizing a prepolarized state in a 
ferroelectric dielectric. 

The following brief practical calculation is made to 
show the order of magnitude of writing and erasing 
energy. Suppose that we are working at AT degrees 
below the Curie point. Then the necessary additional 
randomizing heat energy for reaching the Curie point 
may be expressed by the formula 


Qu=cpVAT; (1) 


substituting the actual values, we obtain for Qy7=1.4 
cal/cm*/°C. 

This means that the residual polarization, P, at 
(T.—AT) (which is about one-half of the maximum 
polarization, P,, of 46,500 esu) can be obliterated in the 
given case by the addition of the small energy of 
Qu=6AT watt-sec/cm*. 

From the previous reasoning, it appears that in the 
case of writing and erasing the principal problem is to 
introduce a small additional energy into a prepolarized 
ferroelectric dielectric. This energy may be introduced 
by different methods. For instance, writing may be ac- 
complished by pulsed ‘or modulated high frequency, 
in which case the pulses or modulation represents the 
information, while erasing may be done by simply 
heating or high frequency heating. 

We have two ways for electrically affecting a con- 
denser: by using either dc or ac. The ac may consist of 
either pulses, modulated high frequency, or pulsed high 
frequency. In principle, it does not matter whether 
cathode rays or simply conductive connections are 
used. 

The electrostatic energy of a dielectric caused by a 
field can be expressed by the equation 


0,=€-(E,?/8%) V. (2) 
Comparing Eqs. (1) and (2), we see that if 
Q0./Qn=1, (3) 


proper conditions for a complete change in the state of 
polarization may be obtained. 
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For a field strength of 20,000 volts per centimeter 
(chosen to be slightly below the ultimate dielectric 
strength of barium titanate), taking a AT of 1°C, and 
taking e= 6000 as an average value around the Curie 
point, the energy-ratio Eq. (3) is not satisfied, since 
Q./Qu=9.018 for these conditions. ; 

If the expressions for Q, and Qy given in Eqs. (1) 
and (2) are substituted in Eq. (3), it is evident that the 
energy ratio is independent of the volume, and, there- 
fore, this ratio cannot be improved by simply using 
thinner layers of dielectric. 

As shown above, dc operation does not seem very 
promising, since the electric field required for obtaining 
a proper energy ratio would be in the order of several 
hundred kilovolts which far exceeds the breakdown 
voltage of a BaTiO; ceramic. 

However, this energy ratio could be greatly improved 
if a very thin layer were used and if, in addition to the 
energy of the electrical charge, use were to be made of 
the conductivity effect induced by electron bombard- 
ment." In any case, breakdown of the dielectric will 
limit the power which may be applied. 

The following calculation shows that high frequency 
may be used to supply the required additional energy 
in a very short time to a condenser, and in this way 
the aforementioned energy ratio can be arbitrarily 
increased. The induced heat energy in a condenser 
depends on the applied electrical energy multiplied by 
the loss factor of the dielectric, and therefore a higher 
loss factor results in a higher heat energy introduction 
rate. We know already that BaTiO; has a high relaxa- 
tion frequency and that tané increases rapidly in the 
range of 10~100 mc. This increase is as high as ap- 
proximately ten times the value observed in the kc 
range. Taking into account that at higher frequencies 
the impedance of the same condenser decreases while 


4 


FREQUENCY IN MEGACYCLE 





PULSE TIME IN MICROSECOND 


Fic. 4. Pulse duration required for inscribing process as a function 
of temperature increment and frequency of applied pulses. 


8. Pensoc, Phys. Rev. 75, 972-978 (1949). 
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the applied field may be kept constant, it appears thay 
very high writing speed may be expected. 

An expression for the heat energy developed by a 
high frequency pulse may be derived from Eq. (2), 


W p= (S/9)ve tandE,*10-"t watt-sec/cm*, (4) 


Now, E, will represent the rms value of the high fre. 
quency voltage. Again forming the energy ratio of 
Eq. (3), taking the limiting case where W,=Q,=647 
watt-sec/cm*, and solving for v, the minimum required 
frequency of the pulse as a function of ¢, the minimum 
required duration of the pulse (expressed in microsec) 
the following relation is obtained: 


v= (9010")/(5eE,? tané/) cycles/sec. (5) 


Where Qu, ¢€, and E£, are as before, and tané is taken 
from a table prepared by Warren P. Mason." Although 
Mason’s table refers to single crystals rather than 
ceramics, there is an approximate agreement with 
values given elsewhere* for tané at 10 kc. Then, too, 
this work was done at a field strength of 1.181 volt/cm 
rather than 25,000 volt/cm; however, since no other 
values of tané around the Curie point are available, 
these have been used for a first approximation. Table I] 
is reproduced from Mason’s work. 


TABLE II. Tané of BaTiO; as a function of applied frequency, 








» 10 X10* 50 X10* 100 X10* 500 X10# 1 X10 5X10® 10X10* 50x10 
tand 0.05 0.05 0.05 0.075 O01 0.22 O04 05 











The function v= f(/) was evaluated by successive ap- 
proximations for AT=1°, 5°, and 10°. A graph of this 
function is given in Fig. 4. This diagram gives an ap- 
proximate picture of ac operation under the given con- 
ditions. The appropriate frequency for any given pulse 
time may either be computed from Eq. (5) or estimated 
from the graph in Fig. 4. The thickness of the ferro- 
electric affects only the power requirements, and 
therefore may be chosen on the basis of practical con- 
siderations. 

It is now apparent that a memory based on these 
principles will require the development of considerable 
high frequency technique. From these considerations 
it appears that records up to the Mc band may be quite 
possible, or that a lower temperature (T.—AT) may 
be chosen. In the case of a material with a low 7, 
inscribing by a modulated high frequency and erasing 
also may be done at room temperature. 

Generally speaking, any type of radiation which has 
a randomizing or heating effect may cause a permanent 
pattern or path in a prepolarized ferroelectric material. 
For instance, since nuclear kinetic energy is in fact also 
heat energy, it is likely that this type of electrostatic 
memory may become an important new research tool 
for detecting the path of high energy particles in solids. 


4 Warren P. Mason, Piezoelectric Crystals and Their A pplication 
to Ultrasonics (D. Van Nostrand Company, Inc., New York, 1950). 
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To summarize, the operating cycle of a feroelectric 
memory might be as follows: 

1. Uniform prepolarization by the application of a 
de field for an extended time, possibly hastened by 
cooling through the Curie point. 

2. Local depolarization, in a pattern corresponding 
to the information to be recorded, by means of modu- 
lated high frequency, with preheating, if necessary. 

3. Reading, as often as desired, with ultrasonics. 

4, Erasing by heating above Curie point by high 
frequency energy or otherwise. 

This cycle may be repeated indefinitely, or may be 


stopped at step 3. 
EXPERIMENTAL SETUP 


An experiment was performed to demonstrate that 
high frequency can, indeed, be used to reduce or elimi- 
nate polarization in ferroelectric ceramics. 

Figure 5 shows the experimental setup, which con- 
sisted essentially of a series of condensers with a dielec- 
tic of BaTiO;, 0.14 mm thick. Each of the condensers 
had a surface area of 1 mm’. One of the plates was 
common and grounded, while the other plates were 
separate and connected to a double switch system, 
through which the high frequency pulses could be ap- 
plied or a connection could be produced to the input of 


an amplifier and oscilloscope. The condensers are 
placed in a thermostatically controlled chamber. For 
measuring the residual polarization, the condensers 


were acted upon by ultrasonic waves produced by an 
generator, H.F.G2., and the piezoelectric 
transducer. As indicated in the diagram, both the base 
plate and the working plate were made /2 thick for 
the _ rasonic waves in order to achieve best mechanical 
coupling. The individual condensers are formed on a 
common , BaTiO sheet which is attached by a heat 
resistant « 

The experiment was carried out as follows: after heat- 
ing to 114°C, the individual condensers were acted 
upon, one after another, at intervals of 15 seconds. The 
cooling commenced immediately after the last con- 
denser was acted upon. The residual polarization was 
measured in relative units. The applied ultrasonic pres- 
sure Was approximately 800 dynes/cm*. 


cement. 


EXPERIMENT WITH 205 ke 


For my first experiment, I chose a pulsed high 
frequency of 205,000 cycles at 225 volts. The pulse time 
durati 


om ranged from 3X10~ sec up to 5X10 sec. 
The data obtained are summarized in Fig. 6. 

Figure 6 is a three-dimensional plot. The abscissa 
gives the pulse time ¢ of the applied high frequency 
pulses, the ordinate gives the residual polarization of 
P, in an arbitrary scale, which has been measured by 
ultrasonic agitation. Axis = is a parameter showing 
the time which has elapsed between the application of 
the high frequ ency pulse and the cooling of the samples 
from the working temperature. 
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Fic. 5. Setup of experimental ferroelectric memory 


Each point on the diagram represents an average of 
four readings, and all measurements were repeated 
several times. The pulse time ¢ was also taken as an 
average of ca 10 measurements. All the curves were 
taken for a working temperature 3°C below the Curie 
point, i.e., in this particular case, at 114°C. In the front 
t’’=0 plane of the plot is a curve that shows a decrease 
of residual polarization as a function of the applied 
pulse time / when the sample is cooled immediately 
after the high frequency treatment. This curve may 
represent a type of “frozen-in” change and will be 
referred to as curve (/’’=0). 

The curves marked with 15, 30, and 45 seconds, were 
taken by cooling the samples at those intervals after 
the high frequency treatment. These represent states 
in which the residual polarization, represented by the 
curve (f’’=0), has had an opportunity to regroup the 
randomized but easily moving dipoles. Referring par- 
ticularly to the curve (t’’=0), we may differentiate two 
sections; the first of which may be represented by 
ABCD and which reaches to ca 3X 10~ sec. This sec- 
tion shows the greatest change in polarization. A drop 
of the prepolarized state as great as 70 percent may be 
noticed, and this indicates that at that point the ap- 
plied additional energy of the pulse caused the material 
to reach the Curie point. 







Curie T=u7¢ 


WorkingT=114t 
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Fic. 6. Residual polarization as a function of pulse 


duration and cooling time. 
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The second section which reaches up to 5X10- sec 
represents that range in which the applied additional 
electrical energy was sufficient to exceed the Curie 
point. This range may be used for obtaining yes and 
no patterns, which would resemble the punched-card 
type of memory device. 

The discrepancies between experiment and calcula- 
tion may be accounted for by the extreme value of « 
and tané around the Curie point. 

This short investigation, which is summarized in 
Fig. 6, indicates that the use of modulated or pulsed 
high frequency in the kc range clearly demonstrates the 
possibility of building memories as fast as may be 
needed for recording in the sound spectrum. 


EXPERIMENTS AT 150 Mc 


A surplus radar transmitter was used as a source of 
7-microsec pulses at 150 Mc. The transmitter had pro- 
visions for varying the peak power of the pulses up to a 
maximum of 1 kw. A quarter-wave transformer and a 
tuning stub were used to match the transmitter to the 
impedance of the piezoelectric condensers and to tune 
out their capacity. 

The experiment was performed as follows: Four 
piezoelectric condensers were given approximately 
equal initial polarizations. These condensers were then 
heated to 114°C (AT=3°), acted upon by a single 
7-microsec, 150 Mc, 0.5-kw pulse, and immediately 
cooled to room temperature. The remaining polariza- 
tion was again measured and found to average around 
one-third of the initial polarization. 

The described experimental setup was not suited for 
quantitative measurements in the ultra high frequency 
range, and due to this fact the data of Fig. 4 and the 
results obtained with 150-Mc pulses are not directly 
comparable. 

This work was done as an investigation preliminary 
to the undertaking of a research project on the de- 
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velopment of different types of memory devices ygip 
the described principles. 
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LIST OF SYMBOLS 


a= polarizability. 
8=Lorenz factor or dielectric impermeability for the firs 
approximation. 

C=capacity of a condenser. 

c=specific heat of BaTiO; (taken as 0.26 gram cal/cm). 
Ac=specific heat anomaly. 

tand=loss factor of dielectric. 

e=dielectric constant of material. 

€-= average dielectric constant around T., taken as 6000, 
E=intensity of electric field. 

E.=coercive field. 

E,=electric potential, volt/cm, field strength. 
N=number of dipoles per unit volume. 
P=polarization. 

P,=remanent polarization. 

P,=spontaneous polarization. 

P,=permanent polarization. 

Q,=energy of polarization. 

Qu=heat energy. 

t=pulse duration time. 
t’’ =heating time parameter. 
T =temperature in ° centigrade. 

T.=Curie temperature. 

AT =deviation of temperature. 

V =volume. 

Q,=electrical energy of a charged condenser. 

W,=electric energy of high frequency pulse. 
js=average dipole moment. 

p=density of BaTiOs;, 5.5 gram/cm. 
v=frequency of electrical writing energy. 
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An exact solution in closed form is presented for the displacements, stresses and total elastic energy for 
the problem of an ellipsoidal isotropic inclusion bonded to an isotropic body of infinite extent when the in- 
clusion and the infinite solid have uniformly distributed changes in their stress-free specific volumes. The 
physically important details of the dependence of the total strain energy of the two materials upon the shape 
and volume of the inclusion, the elastic moduli of the two isotropic materials and the changes of specific 
volume, are included. The solution is indicated for the stresses and displacements for the case where the ma- 
terial at infinity is, in addition to the above condition, in a homogeneous state of stress whose principal 


directions are parallel to the axes of the cavity. 





NOMENCLATURE 


r= position vector. 

u, u’=displacement vectors for ex- 
terior and interior, respec- 
tively. 

w, W’=stress dyadics for exterior and 
interior, respectively. 

G, G’=shear moduli for exterior and 
interior, respectively. 

v, v = Poisson’s ratio for exterior and 
interior, respectively. 

eT, «- T=dimensionless products of the 
coefficient of expansion and 
temperature changes for ex- 
terior, and interior, respec- 
tively. 
01, 2, 733 €1, €2, €3= principal stresses and strains at 
infinity. 
o;', 02, 03; €;', €2', €3 =principal stresses and strains in 
inclusion. 
a, 6, c=semiaxes of ellipsoidal inclu- 
sion a>b>c. 
pi=b/a, pp=c/b=shape ratios of ellipsoidal in- 
clusion. 


1. INTRODUCTION 


OLUTIONS of the equations of elasticity pertaining 
to the effects of change of specific volume of in- 
clusions of various shapes and elastic properties have 
been considered by a number of authors. Goodier! has 
reduced to a standard problem in potential theory the 
general case of an inclusion of arbitrary shape em- 
bedded in an infinite matrix subject to the restriction 
that the inclusion and the matrix have the same elastic 
properties. Applications of Goodier’s theory to the 
spheroidal and semi-infinite cylindrical inclusions were 
made by Mykelstad.2 Mindlin and Cheng* extended 
*Submitted in partial fulfillment ‘of the requirements for the 


degree of Doctor of Philosophy under the Joint Committee on 
a Instruction, Columbia University, New York, New 
ork. 

'J. N. Goodier, Phil. Mag., Ser. 7, 23, 1017-1032 (1937). 

iN. O. Mykelstad, J. Appl. Mech. 9, A136-143 (1942). 

m4 D. Mindlin and D. H. Cheng, J. Appl. Phys. 21, 931-933 


Goodier’s method to the semi-infinite matrix and solved 
the problem of the spherical inclusion. Except for the 
simple problems of the sphere and circular cylinder in 
the infinite matrix, there appear to be only two exact 
solutions for the case where the inclusion and the 
matrix have different elastic properties. These are by 
Mindlin and Cooper‘ for the elliptic cylinder, and 
Edwards® for the spheroidal inclusion. Nabarro® has 
made approximate studies and has drawn qualitative 
conclusions in connection with the influence of the shape 
of the inclusion on the elastic energy. The main pur- 
poses of this paper are to present the exact solution for 
the ellipsoidal inclusion and to draw quantitative con- 
clusions regarding the influence of its shape on the 
elastic energy. 

We consider an ellipsoidal inclusion bonded (i.e., 
continuous displacement and tractions across the inter- 
face) to a body of infinite extent. The inclusion, hence- 
forth called the interior, and the surrounding body, 
henceforth called the exterior, are of different homo- 
geneous isotropic elastic materials whose elastic moduli 
do not change with temperature. It is assumed that the 
bodies are under no initial stress when at a uniform 
common temperature, which is assumed zero for con- 
venience. The temperature of the two bodies is changed, 
within the limits of linear elasticity, to a uniform tem- 
perature T so that the stress free strains of the interior 
and exterior are e’T and eT respectively. (e’, € are the 
coefficients of linear expansion.) If the interior and the 
exterior are subjected to uniform changes in their 
stress-free specific volumes, such that the above given 
stress free strains are present, the problem is identical. 
An exact solution in closed form for the displacements, 
stresses and total elastic strain energy of the two bodies, 
together with a discussion of the physically important 
ese D. Mindlin and H. J. Cooper, J. Appl. Mech. 17, 265-268 

6 RH. Edwards “Stress concentration around spheroidal in- 
clusions and cavities,” Paper No. 50-APM-20, presented at the 
Annual Conference of the Applied Mechanics Division of the 


Am. Soc. Mech. Engrs., Purdue University, Lafayette, Indiana, 
(June 1950). 


°F. R. N. Nabarro, Proc. Phys. Soc. London 52, 90-93 (1950). 


i R. - Nabarro, Proc. Roy. Soc. (London), Series A, 175, 519-538 
1940). : 
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details of the strain energy are presented in this paper. 
The solution of the more general problem of the in- 
finite material subjected to uniform tensions at in- 
finity in addition to the above conditions, is also in- 
dicated. 

It was noted by Mindlin and Cooper‘ that the stress 
in the interior of the elliptic cylinder was homogeneous 
when the cylinder and matrix were subjected to a 
homogeneous change in temperature. The assumption, 
later verified, of homogeneity of stress in the interior 
of the ellipsoid provided a means for generalizing the 
results of Sadowsky and Sternberg.? Somewhile after 
the problem was solved, the publication of Edwards’ 
paper’ showed this same homogeneity of stress to 
exist in the spheroidal inclusion. 

The cartesian coordinate axes are chosen coincident 
with the principal axes of the ellipsoid whose surface 
is then given by 


2/ae+y/P+27/?e=1, 


where a, 5, c, satisfy the relations a>b>c>0. 

In the absence of body forces the thermoelastic equa- 
tions of equilibrium in terms of displacement for both 
regions are 


(1.01) 


(1—2v)V’u+VV-u=2(1+7)V (eT) (1.02) 
(1—2y’) Vu’ +-VV-u'=2(1+’)V(e'T), (1.03) 
with the stress and strain dyadics related by 
wWw=G[Vu+uV | 
+[G/1—2v][2vV-u—(1+v)eT JI, (1.04) 
w’=G'[Vu'+u'V ] 
+[G’/1—2y’][2’V-u’—(1+»’)e’T]I, (1.05 
where I is the idemfactor and 
W = o.ti+ ¢,jj+ 0-kk-+ 7,.(jk+kj) 
+r2e(ki+ik)+ r2y(ij+Ji) (1.06) 


WwW" = o,'ii+ o,'jj+¢,/kk+ 1,,’(jk+kj) 

+72,’ (kit+ik)+7.,'(ij+ji). 
The traction acting at a point on a surface with normal 
n is given by 


T=W-n (1.07) 


so that for the problem under consideration the boundary 
conditions are 


Ww’ -n’=—W-u on ellipsoidal surface, (1.08) 
u’=u on ellipsoidal surface, (1.09) 
w=0 when |r| =, (1.10) 


where n’, n are the exterior and interior normals of the 
ellipsoid. 


7M. A. Sadowsky and E. Sternberg, J Appl. Mech. 16, 149-157 
(1949). ° 
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2. TOTAL STRAIN ENERGY OF INCLUSION 
AND INFINITE SOLID® 


Consider the inclusion and its matrix in their final 
states (i.e., at a homogeneous temperature 7) with, 
distribution of traction acting on the surface “S” of the 
inclusion and displacements (u—e7Tr), (u’—¢’Tr) gf 
the exterior and interior, measured from the unstressed 
final temperature states. The strain energy of the ex. 
terior and interior are as follows: 


Strain energy of exterior 


--ff (u—eT'r)-W-ndS (20) 


Strain energy of interior 


1 
¥.. f f (u’—¢'Tr)-W"-n'dS, (2.00) 
2 s 


where the region of integration is the surface of the 
ellipsoid. The total strain energy W, obtained by sum. 
ming Eqs. (2.01) and (2.02) and then utilizing Eqs 
(1.08) and (1.09) as well as the constancy of (eT—¢'7), 
is given by 


W=3(eT—e'T) ff r-W"-n’dS. 
s 


Transformation of the surface integral by Green's 
theorem and the identity® 


V-(w-V)=(V-W)-V+ 6: AV 


(2.03) 


(2.04) 
results in 


W=}(eT—'T) fff (VW) r+" :IdV (2.05) 
Vv 


where the integration extends over the interior region. 
In the absence of body force, the equilibrium equation 
in terms of stress is 


V-w’=0 (2.06) 
and the remainder of the integrand is 
wy’: I= oy'+ oo + o;'= 6’ (2.07) 
so that the total elastic energy is given by 
W=k(eT-€T) f f f vav. (208 
V 


When the sum of the principal stresses 6’ (first invariant 
of the stress dyadic) is constant in the interior, the 
total strain energy is given by 


W=3(eT—¢'T)0'V (2.09) 


where V is the volume of the inclusion. 


§ The development of this section is essentially that given by 
W. Thornton Read, Jr. in a private communication. 

*For Green’s theorem and the identity (2.04), see C. E 
Weatherburn, Advanced Vector Analysis (G. Bell and Sons, Ltd, 
London, 1947). 
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ELASTIC ENERGY OF AN ELLIPSOIDAL INCLUSION 


3. GENERAL SOLUTIONS IN ORTHOGONAL 
CURVILINEAR COORDINATES 


Sadowsky and Sternberg’ have considered a homo- 
geneous, isotropic, elastic body of infinite extent which 
sa cavity in the shape of an ellipsoid, assuming 
that the body at infinity is in a uniform state of stress 
whose principal axes of stress are parallel to the axes 
of the cavity. They made use of the following general 
solution to Eq. (1.02), due to J. Boussinesq,!° for the 
case of a uniform temperature in the exterior: 
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and ‘ 
VB=V*F=0. (3.02) 
In order to describe the ellipsoidal boundary of the 
cavity with a single coordinate, they utilize an orthog- 
onal curvilinear coordinate system with the trans- 
formation, 


+= kms\5283, y= —kmcic23/k', 


= imdyded;/kk’ (3.03) 


2Gu= V(r-B+F)—4(1—v)B (3.01) 
where where i= (— 1)! and the elliptic functions, their moduli 
B= Xi+ Yj+Zk k, k’, and the parameter m are given by 
k=(a?—B?/a?—c?)* k’=(1—k?)! m= (a?—?)! 
s;= 1/ksna, So=1/dn(ao, k’) S3= SNA (3.04) 
c,=dna;/iksna; Co= —ik'sn(ao, k’)/dn(as, k’) c3=cnas . 
d,=cna;/isna, d,=k’cn(ao, k’)/dn(as, k’) d3=dna3. 


Fixed values of the coordinates a1, a2, a3, represent 
members of the families of confocal ellipsoids, confocal 
hyperboloids of one sheet and confocal hyperboloids of 
two sheets respectively. The surface of the ellipsoidal 
inclusion indicated by Eq. (1.01) corresponds to a 
value of a;= a" evaluated from 
s;°=1/k sna®;=a/m. (3.05) 
Unit‘normals to the surfaces a1, a2, a3= constant at the 
point (a1, a2, a3) are given by 
a= hyVau, b= h2V as, 


c=h;Vaz (3.06) 





21Gu=h,[ xd X /Oa,— (3—4v)X Ox/ day Jat hel xdX /da2—(3—4v)X0x/daz |b 


2Gu= ah,OF /da,;+bh.dF /da2+ch30F/da3. 


The components of stress in the orthogonal curvilinear 
coordinates, obtained from Eq. (1.07), are 


Ty=aW-a -To3=b-W-c. (3.11)" 


Expressions for these components of stress in terms of 
the displacement potentials X, Y, Z, F may be ob- 
tained by utilizing Eqs. (1.04) (3.10). They are given 
in reference 7 as Eqs. [15], and will henceforth be 
called Eqs. (3.12). 


4. ELLIPSOIDAL HARMONICS 


Harmonic functions for the generation of stress fields 
by means of Eqs. (3.10) and (3.12) may be found from 
the solutions to Laplace’s equation (3.02) in the form 

" For a discussion of general solutions and their interdependence 


se R. D. Mindlin, Bull. Am. Math. Soc. 12, 373-376 (June, 1936). 


" Those formulas not given explicitly may be obtained by cyclic 
permutation. 





where the local scale coefficients h are obtained from 


hy=i/kmqoq3 
q= (s?—s;*)! 


he= 1/kmq3qi 


h3=1/k 
q2=i(s2—s32)! a= i/kmqqe }. (3.07) 


q3>= (s;?—s,7)4 
The gradient of a function then becomes 
VU= ah,0U/da,+bh.dU/Ia2z+ceh3dU/das (3.08) 


and the angle between the normals to the coordinate 
surface a;, x evaluated from 


cos(a;, x)=hj;dx/da;=(1/h;)da;/dx. (3.09) 


The displacements vectors obtained from Eqs. (3.01), 
(3.09), (3.08) are given by 


+h;3[ xdX/da3— (3— _— 
(3.10)" 








of Lame products, 


Un?(cx1, a2, 03)=T] [ra?(cxs) or An?(as)] (4.01) 


ful 


where m, p denote the degree and species, respectively, 
of the Lame function of the first kind \,”. The asso- 
ciated second solution A,? of Lame’s equation” is 


given by 
(a)=rar(a) [ — (4.02) 
An? (aj) =An?(x; —_—— 
0 [An?(t) P 
so that A,?(0)=0 and hence the Lame functions of the 


second kind in a; vanish at |r| =. 


2 For Lame’s differential equation see reference 7 or E. T. 
Whitaker and G. N. Watson, A Course of Modern Analysis 
(University Press, Cambridge, England, 1935), fourth edition. 
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TABLE I. 
Solution Degree Species a 
No. n 7) An? (aj) An? (a1) Un? (a, as, a) 
1 1 1 $j Si=[ai—E(a:)]s: X=mS\5:5; 
2 i 1/i+# Cj Ci=((R')2a1 — Ear) Jer +(di/s1)  < —F Crests 
30 4 ete a; Di=(e1/si)— aE) 2= 2 Did, 
4 0 0 1 ay Fi =kmia, 
2[(k’)?#+-k*}t . 2 
5 2 a: 4=3?— ae I; F.=km*Lly, 








—.. 


E(a) -f" dn?(t)dt, L.= {2ka,+ p(1 +k*)[E(a:) — a }}l,+2e1d;/s1. 


5. SOLUTION OF A TRACTION PROBLEM FOR THE 
INFINITE SOLID BOUNDED BY THE 
SURFACE a= a," 


We consider a body under the state of stress due to 
the tractions caused by uniform stress fields acting at 
infinity (a,=0) and tractions on the surface of the 
ellipsoid a,;=«a,°. The stress dyadic at infinity and the 
traction acting on the surface a,;=«,° are given as 


WwW, = [osti+ o2jj+ oskk | 
Ww’ -n=[o;'ti+o2'jj+o;kk]-n at a;=a,° (5.02) 


at a,=0 (5.01) 


where oj, oj’ are constants (j=1, 2, 3). 

The components of traction (711, 712, 713) acting on 
the surface a,;=a;° at the point (a1°, a2, a3) are ob- 
tained by utilizing Eqs. (5.02), (3.04), (3.03), (3.07) and 
(3.09) and are as follows: 


rir= —[1/(k’)?q2?qs? Lou’ (h’)*cx°dy’s2?s? 
+ 02's 7dy*c2?c3— o3's1*c"do"d 3°] 
712 — [$1614 S2¢2d2/(k’)?qu9293" ] 
X Loy’ (R’)?s3?+ o2'cs’— o3'd3* ] 
T13>— [s1¢1d Sacad3/(k’)*qug2qs ] 
X [oy/(R’)?s2?+ o2'c2?— o3'd2" }| 


>. (5.03) 








Sadowsky and Sternberg’ have solved the problem 
above for the case of no traction acting on the surface 
a,= a". This was achieved by extending the uniform 
stress field throughout the entire space and super- 
imposing a solution which removes the stress residuals 
at a,°. A consideration of the properties of the stress 
fields leads to restrictions imposed on the stress func- 
tions X, Y, Z, F. These restrictions are that in the 
region exterior to the cavity, the stress fields must be 
regular and at infinity they must vanish. Also they 
must have the symmetry and periodic structure with 





respect to a2, a3; which the uniform field possesses, 
Accordingly the Lame functions of the second kind in 
a, and of the first kind in ae, a3 are the only ones 
which may be utilized in Eqs. (4.01). A survey of the 
linearly independent solutions which possess these 
properties yields the set of stress functions recorded in 
Table I. 

By means of Eqs. (3.03), (3.04), (3.07), (3.12), and 
Table I, the stress components may be computed. These 
are recorded as Eqs. [43] through [47], in reference 9, 
They will be omitted here but referred to as Eqs. (5.04). 
In the process of solving their problem, Sadowsky and 
Sternberg have actually solved two problems which, 
when superimposed, give the solution of the traction 
problem we are now considering. The dyadic repre- 
senting the complete state of stress is given by a linear 
combination of the stress dyadic of Eq. (5.01), and 
stress dyadics representing the five linearly independent 
solutions in Eqs. (5.04). 


5 
W=,+ > Avy. 


N=1 


(5.05) 


Equating the traction produced by the stress dyadic ¥ 
to that given by Eq. (5.02) we obtain 


5 
(w’—w,)-n= > AyWy-n on aj=a;" (5.06) 
N=!1 


where n is the internal normal to the surface a:=a1' 
The three equations in the components of traction 
(r11, T12) 713) are obtained with the aid of Eqs. (5.04), 
(5.03), (5.02), and (5.01). These equations are identities 
with respect to the variables a2, a3 and produce sixteen 
compatible linear equations in the coefficients of super 
position Aw (N=1, 2, ---5). They are reducible to the 
following five linearly independent equations recorded 
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ip matrix form: 
[ —ked, — ks,d, R®sicy 
P,P» P 0 J A : 
(Ra (RY 
—ks\c,d, R®s.c,d ; 
T; T; T; 0 —L)’ As ks\cd, : : 01-0; 
ey (eye | 
si? —c? —d?7/k 0 p A; =| 0 0 0 o2— a2! ° (5.07) 
ks 1€1°d <_<? ks,c,d3 
s°T7, —cPT, —d?T3/RP 0 —ILy’ || Ag ks'eyd, . o3—o3 
(k’)? (k’)* 
sy} ci d;' ‘kt 1 Lip { A oe 0 0 0 
1 2vS, ’ 7 
T= (1—2y)[1+2S,c.d; | P\=-— +7,+1 
9 s7L cid; 
f 25,C id, 1 2vC, 7 
T.=(1—2y)] 1-— P,=-— —T.—1 
L (k’)? c; 5,4, A 
4 2k?53¢,D, 1 2vD, : l ™ 
L (k’)? d; $11 
2[ (k’)?-+k*}} Ly ) 
= 24+—____ J= (2k0,+(2—p)(1+)] 
1+F $1€,d, 
8(1—p) dl, 2L153€1d) Pp 
iia acinincaens a etches wl 
3p day h, h ; 


All the functions in Eqs. (5.07), (5.08) are to be evalu- 
ated at a,= a," for the ellipsoid whose principal semi- 
axes are (a, 6, c). To facilitate these computations it is 
expedient to introduce shape parameters 1, p2 defined 
by the relations 


0<pi=b/a<1, O<pe=c/db<1. (5.09) 


Equations (3.04) and (3.05) can then be written as 


1—p? } 
‘-(—) ,snay"=(1—p;p7). (5.10) 
1— pip? 


The equations (5.07), (5.08), (5.05), determine the 
state of stress resulting from the boundary conditions 
indicated in Eqs. (5.01), (5.02). It is worthy of note that 
for the case W’ =0 (i.e., o;’=02'=03'=0), the problem 
and its solution reduce to the one solved by Sadowsky 
and Sternberg. For the case W=W" (ie., o,=07, 
%= 02, 03=03') the coefficients of superposition vanish 
and the homogeneous state of stress exists throughout 
the infinite solid bounded by a,=a,". 


6. SOLUTION OF A DISPLACEMENT PROBLEM FOR 
THE INFINITE SOLID BOUNDED BY =<," 


We consider next the infinite solid subject to dis- 
placements on the boundary a,= a," and at infinity 
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given by 
ux = ex1+ eoyjt+essk= (@,+€T) x 
; is (6.01) 
+ (2+ €T)yj+(é:+€T)sk at a,=0 
w’ a= €;'x1+ eo yj +e3’sk= (€;’+€T) xi } 6.02) 
+ (€2'+ eT) yjt+ (@;’+€T)sk at a= on?!” ( 


where é;, @;’ (j=1, 2, 3) are constant strains due to the 
stresses alone at infinity and inside a,= a,° respectively, 
while e;, e;) (j=1, 2, 3) include the free thermal ex- 
pansion. 

By analogy with Sec. 5 we consider the displacements 
to be the superposition of the state at infinity and the 
displacements given by the five solutions (which 
vanish at infinity) indicated by Eqs. (3.10) and Table I. 
Thus we have 


5 
u=u.+ > Ayuy. (6.03) 
N=1 
We must now satisfy Eq. (6.02) which then becomes 


5 
uw’ a}°— Us = > AyUy on a= ay". (6.04) 
N= 
Utilizing Eqs. (3.10), (3.03), (3.07), (3.09), and 
uw’ «)°— Us = u,a+ uab+ use= (e;’—e)x1 


+ (€2’—e2)yj+(e3’—e3)sk (6.05) 
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TaBLeE II. 
a 
N ur¥ ur us¥ 
im im 
1 Yaa — (2—4y)S c,d) |s2?s3" Gas a1 vn -L- (2— 4v)51S 31 \S2cod> 253? Gag: —_ Si sscad3s2 
2° = [1+(2- 4yv sole ce e[e 2—te) ors Fart send 2 - (2—4y) 2 dec? 
Ia (k’? Goon (C2 aaa 26492 yey 
(k’)?— (2—4yv) k?s1¢,D im [—(2—4v)d,D, im [—(2—4v)d\D 
3 2d? = Ww; 
eval kA(k’)? Je ” Goal Ca alata Gaal BR)? |Seadad? 
4 
“ _—- - Goa! 1 |sscadal2 
we obtain for the orthogonal curvilinear components of the displacement vector (u’a;>—u,) 
im . ) 
u\>= ————[_(e1’ — 1) ?(h’)?s cd 182? ?— (€2' — eo) R*sye1d 273" + (€3’ —€3)s1¢,d,d7d3* | 
k(k’)*Q0qs 
im 
y= ———| (€' — 1) B?(k’)?*Sa¢ado83?51?— (€2' — 2) R*S2¢2dacs?c1? + (€' — €5) SaCad2d 3d) ] . (6.06) 
k(k’)*qaq1 
im 
U3>= ————[_(¢1’ — €1) #°(k’)?sa¢adas?ex? — (€2’ — eo) k?53¢3d3¢ 22? + (e3' — €3)53C3d3d;7d-? | 
R(R’)*qige J 
The components of the displacement vectors, 
uvy=u%a+u2*b+u;%ce (N=1, 2, ---5) (6.07) 


obtained from Eqs. (3.10), (3.03), (3.07), and Table I are recorded in Table II. Equations (6.04) combined 
with (6.05), (6.06), (6.07), and Table II, provide a system of eight compatible equations in the coefficients of 
superposition Aw (V=1, 2, ---5). These equations may be reduced to the following set of five linearly inde- 


pendent equations. 


[1i— (2— 4yv)S\¢\d; JA, +-RAg— L,’ [a [Ae 26s —é}) 

















CG 
[— (k’?— (2—4yv)s:Cid, JA ot k?Ayt+Ly’ samen = 2Gks1¢\d;(e2’ — e2) 
18 = p(i+k?). 
(k’)?— (2—4) ksi, pH OR’? | 
| asta bi as As= 2Gks \¢\d;(e3’ — €3) L (6.08) 
ke |: 18 p(i+k) 


d; 


lied a s+pAs=0 


da,’ 


1 
si#Ai+ci'A “ stAistlpAs=0 


All the functions appearing in Eqs. (6.08) are to be 
evaluated at a:;=a,°. The complete solution of. the 
boundary value problem represented by Eqs. (6.01), 
(6.02) is then given by Eqs. (6.08), (6.03), and Tables 
I and II. We note now that Eqs. (5.07) for the traction 
problem solved in Sec. 5 are compatible with Eqs. (6.08). 
Thus the ellipsoid a,=a,;° becomes stretched into 








| 





another ellipsoid when the infinite solid is under the 
stress state whose boundary conditions are given by 


Eqs. (5.01), (5.02). 


7. SOLUTION OF THERMOELASTIC PROBLEM 


Considering the homogeneous st 


ate at infinity repre- 
sented by Eqs. (5.01) to be the same as that repre 
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ELASTIC ENERGY OF AN ELLIPSOIDAL 


sented by Eqs. (6.01), we have for the principal stress- 
principal strain relations (Eqs. (1.04)) at infinity: 


9j=[2G/1—2v ]Lv(ert+e2+e3)+(1—2v)e;— (1+ )eT ] 
(j=1, 2,3). (7.01) 


Considering the homogeneous state in the interior 
represented by Eqs. (5.02) to be the same as that repre- 
sented by Eqs. (6.02), we have for the principal stress- 
principal strain relations in the interior: 


j= [2G’/1— 2v" Iv’ (ex’ +2’ +63’) 
+(1—2v’)e;/—(1+»’)e’T] (j=1, 2, 3). 


We note here that the inclusion need only have the 
property that when under homogeneous principal 
stresses 01’, o2, o3 oriented along the axes of the 
ellipsoid, it be deformed into another ellipsoid. For 
example, a cubic crystal with orientation of the crys- 
talographic axes along the axes of the ellipsoid has this 
property and its thermoelastic stress strain relations 
could be substituted for Eqs. (7.02). 


(7.02) 





, 
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For given values of the parameters pi, p2, G, G’, v, v’, 
eT, e’T and a stress state at infinity given by W., 
Eqs. (5.07), (6.08), (7.02) represent thirteen compatible 
equations which can be reduced to eleven independent 
equations in the eleven unknowns oj’, 2’, a3’, €1’, €2’, es’, 
Ay (N=1, 2, ---5). The state of displacement for the 
interior may then be determined with the aid of Eqs. 
(6.02), while the state of displacement and stress for the 
exterior may be determined from Eqs. (6.03), (5.05), 
Table IT, and Eqs. (5.04). 

We confine our attention now to the technically im- 
portant case® in which the stress state at infinity van- 
ishes (i.e., W,,=0) so that the strains at infinity, as given 
by Eqs. (7.01) are 


C1 = €Co= C73 = eT. 


(7.03) 


Substitution of the expressions for the strains ¢, é2, é3, 
€;', 2, es from Eqs. (7.02), (7.03) into Eqs. (6.08) 
then permits the reduction to eight linearly independent 
equations in the eight unknowns aj’, o2’, 03’, Aw 
(N =1, 2, ---5). Solution of these equations for the sum 
of the principal stresses (01’+-2'+-03’) gives 





where 


= Cfrymit fome+ foms |/ fmt fomet fans |, s= 
fi= pralpTrt pT st Liti}+e| Li Ts? ( 1- 


fe=—p- (pT + pT st Lil ]-¢] Li'Tss2 ( i 














—6G(e’T— eT) (7.04) 
~ n¢ [G(1—20')/G' (+9) J . 
1 G 
aa 
2(1—v)LG’ 
2k? 2L;'Tid? 
)- +9737] 
p(i+h)/ © p(it+k’) 
2 2L)'Tic? 
)- +0rs7| 
pith) p(i+k’) 
f= 0+¢[—- (k’)?s?T—cP2T2+d2T3 |+-2[ (k’)*sPT2T3+¢2T3T1—d2T7 iT? | 


m= cr 2— 2v— T,—3ks? ]— (k’)*s?[2— 2v— T2 | 
M2>= d;[2 —2v— Ti- 3577 J+ (k’)?s 2 2— 2v— T; | 


m3= — pl2—2v—T,—6ks,2/p(it+k) ] 


; (7.05) 
| 
| 


my=(¢1°d\Si+513d,Cy \(2+2r)+3d7?Lc2—s2]+[e2— (k’)?s1? ](1— 2) | 


i= [erdy°S 14+ k’sy3c\D1 |(2+2r) +3erLd? 


— k's,” |+[d2+ (k’)?s:? ](1 — 27) | 


n3= pl —crdyS1(2+2v)+ {12ks:2/p(A +k) }—4+29] 


8. THE ELASTIC ENERGY 


Since the sum of the principal stresses is a constant 
in the interior, we may utilize Eq. (2.09) to determine 
the total elastic energy of the interior and exterior. 
After substituting 6’ from Eq. (7.04) into Eq. (2.09) 
and utilizing the relations p;=b/a, pp=c/b, V=4mabc/3, 
G=(G/G’)G’ we may indicate the dependence by the 
equation, 

3G’ (eT —eT)?V 


W= ’ 
[nG'/G]+[(1—2r')/(1+r')] 





(8.01) 





where 4=7n(p1, p2, G/G’, v) is given by Eqs. (7.05). 
Thus the strain energy depends upon the 8 inde- 
pendent parameters p1, po, V, G’, G/G’, v, v’, (e’T—eT). 
Special Case No. 1.—For an elliptic disk, i.e., (p2=0), 
the function » becomes independent of p;, v and is 
given by 
n(p1, 0, G/G’, v) _ 2G/G’, 
hence, 


W,=2G'(1+»)(e'T—eT)V/(1—v’). (8.02) 


Special Case No. 2.—For identical shear moduli of 
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the interior and exterior regions (i.e., G/G’=1), the 
function » becomes independent of the shape ratios 
p1, p2 and the exterior Poisson’s ratio. It reduces to the 
constant value »=} so that the function W is identical 
with that for the elliptic disk (i.e., Wi). Under the 
further assumption that v= »’ the value of W given by 





ROBINSON 





Eq. (8.02) reduces to that obtainable from Goodier’s 
solution! for the most general possible shape inclusion 
where G=G’, v=’ and the temperature in the inclusion 
is uniform. 

Special Cases Nos. 3 and 4.—For an elliptic cylinder 
(i.e., p1=0) the function 7 is algebraic and is given by 


{G/G'} | (6—8») p2+G/G'[(2—2v)(1+ ps") — (2—4y) p» }} 





™” (3—49)p+[G/G'IL(4—4») (1492) + (2—4») ps + (G/G')*(3p:) 





: G29 0</6I 
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Fic. 1. Ratio of the total elastic energy (W) for an inclusion 
with shape ratios pi, p: to the total elastic energy (W,) for an 


elliptic disk as a function of pi, p2, G/G’. 


(8.03) 


Under the further assumption that p2=1 (i.e., circular 
cylinder), the function » reduces to 


n= 2G/(G'+ 3G) (8.04) 


and this value is readily verified from Lame’s solution® 
for a pressure applied to a concentric cylindrical hole 
in a circular cylinder. 

Special Case No. 5—For a sphere (i.e., p1=p2=1) 
the value of reduces, as in case No. 2, to n=4 and the 
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Fic. 2. W/G(eT —«T)*V as a function of 1, p2, for G’= ~, 
(v=v’'=0.3). 





1“ For this solution see A. E. H. Love, A Treatise on the Mathe- 
matical Theory of Elasticity (Dover Publications, New York, 


1944). 
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function W becomes 
3G’ (eT —eT)?V 
. (G/2G’]+[(1—20’)/(i+r’)]} 


which is easily verified from Lame’s solution” for pres- 
sure applied to a concentric spherical hole in a sphere. 

It is worthy of note that those cases for which n=} 
(ie., cases 2 and 5) correspond to the cases where the 
displacement is the gradient of a potential function 
and the solution may be found from the integration 
ofa distribution of centers of dilatation (see reference 1). 
Further the dilatation in the interior is related to 
the sum of the principal stresses in the interior by 
#’=—4GV-u’, while the dilatation vanishes in the 
exterior region. We now consider an inclusion of arbi- 
trary shape subject to a distribution of temperature 
change JT and having a shear modulus G, Poisson’s 
ratio v’, and coefficient of expansion ¢’. The exterior, 
to which the inclusion is bonded, has the same shear 
modulus G, a different Poisson’s ratio v and, for con- 
venience, no temperature change. It is readily verified 
from potential theory that 





(8.05) 


u=—[(1+’)/4r(1—v’) ]V ff [e’T/r]dV (8.06) 
ye 


(where r is the distance from the element of volume 
to the point where the potential is being measured) 
satisfies the equation of equilibrium (1.03) for both the 
interior and the exterior, that the tractions are con- 
tinuous on the surface of the interior volume, and that 
the displacement and stress vanish at infinity. Hence 
Eq. (8.06) is the solution to the problem. Further the 
result of special case No. 2 (G=G’ with e7=0) that 


W,=2G(¢'T)*V(1+7’)/(1—v’) (8.07) 


is also true for an arbitrary shape if the shear moduli 
of the interior and exterior are equal. 
From Eq. (8.01) W is seen to be a linear function of 





G’, V, (e'T—eT)*. For dependence on p;, p2, G/G’ we 
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Fic. 3. Ratio W/W’, for a sphere, circular cylinder 
and an elliptic disk as a function of G/G’. 


“See reference 13, p. 142. 
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Fic. 4. W/G’(e’T—eT)?V as a function of », »’ for an ellipsoidal 
inclusion with shape ratios p:= p2=} and G/G’=0.1, 10. 


consider the dimensionless ratio of the energy of a given 
shape (1, p2) to that of the flat elliptic disk (i.e., p»=0) 
for inclusions having the same shear moduli, Poisson’s 
ratios, volume and value of (e’T—e7). The ratio then 
becomes 


W__ @)+L0-2)/A+»)] 
W, [nG’/G]+[(1—2»’)/(1+»)] 


where 7 is given by Eq. (7.05). The dependence of this 
function (for y= v’=0.3) upon the variables p;, p2, G/G’ 
is shown in Fig. 1, where it can be seen: (1) that W/W, 
increases monotonically with respect to increasing 
G/G’; (2) for values of G/G’>1 the function W/W, 
increases monotonically with respect to increasing 
pi and p2; (3) for values of G/G’ <1, the function W/W,, 
decreases monotonically with respect to increasing py, 
or p2; (4) for G/G’= «(i.e., G=«) the value W/W’ 
has an upper limit which is 


W/W1=3(1—v’)/(1—2y’). (8.09) 


For G/G’=0 (i.e., G=0) the function W/W’ has a 
lower limit which is a function of p1, po, v, v’. W, how- 





(8.08) 





ever, vanishes for all shape ratios if the values are ap- 
proached in the order 1: G/G’=0; 2: remaining vari- 
ables i.e., p1, p2, v, v’. In cases 1, 3, 4, this order was not 
preserved and the resulting values of W1, W3, W4 are 
not zero for G/G’=0. Thus we see that the limits of the 
functions W, W;, W/W, are not uniform at G/G’=0, 
for values of p;=0 or p2=0. 

Values of the functions along p2=1 (prolate spheroid) 
agree with those obtainable from Edwards,® results. 
The same non-uniform limit condition at G/G’=0, p;=0 
is found in his formulas. 

Formula (8.01) becomes indeterminate in its present 
form if G’= © (i.e., rigid interior), but it may be put 
in an alternate form by multiplying numerator and 
denominator by G/G’ and then setting G’=«. The 
resulting formula may be written in the dimensionless 
form, 


W./G(e'T—eT)?V =3/n. (8.10) 


This function is given (logarithmically) as a function of 
fi, p2 in Fig. 2 where we note the non-existence of its 
limit as p;—0 or p20 and that it decreases monotoni- 
cally with respect to increasing p; or p2. 
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Figure 3 indicates the value of the ratio W/W’ for 
the limiting shapes ; sphere, circular cylinder, and elliptic 
disk as they depend upon the ratio G/G’ for (v= v’= 3), 
It is to be noted that if the shear modulus of the in. 
clusion (G’) is greater than that of the matrix (G) the 
shape associated with the minimum total elastic energy 
is the sphere. If the shear modulus of the inclusion jg 
less than that of the matrix the shape associated with 
the minimum total elastic energy is the elliptic disk. 
For equal shear modulii the energy is independent of 
both the shape and the interior Poisson’s ratio and js 
given by Eq. (8.07). 

Figure 4 indicates the dependence of the quantity 
W/G'(e'T—eT)*V on v and v’ for a shape pi= p2=} and 
two values of G/G’. 
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Let L be a linear differential operator of the mth order whose coefficients p;(x) are continuous in a semi- 
infinite interval 7: [a, ©). A function H(x, ¢) is said to be a one-sided Green’s function for the operator L if 
it satisfies the four conditions: (1) H is continuous and its first derivatives with respect to x are continuous 
in J. (2) Ha(¢, £)=0 for a=0, 1, ---, m—2. (3) Halt, £) =1/po(f). (4) LH=0. (The subscript on the H 
refers to partial differentiation with respect to the first argument. and po(x) is the coefficient of d*/dx* in 
the expression for L.) It is shown that H is unique and if u(x)= (27 H(x, ¢)f(¢)dg, then Lu=f(x) and 
u‘™(a)=0, a=0, 1, ---, m—1. Furthermore, if H is given, a fundamental system of solutions of Lu=0 can 
be written down explicitly in terms of H and its derivatives evaluated at the end point a. The converse 
problem is trivial. Other properties of H are also considered, for example, its relation to the impulsive 


response of a network. 


1. INTRODUCTION 


HE classical Green’s function is one of the most 


powerful tools available for the investigation of 


linear differential equations, and hence all physical 
systems which are governed by a linear differential 


system. Roughly speaking, if L is a linear differential 


operator with which are associated linear two-point 


boundary conditions in the interval [a, 6], then a func- 


tion G(x, ¢) called the Green’s function of the system 


can be defined.' This function has the property, among 


others, that if u(x)= fo G(x, )f(¢)df, then Lu(x) =f(x). 


Now with many problems in engineering (particu- 
1E. L. Ince, Ordinary Differential Equations (Dover Publica- 


tions, New York, 1944), p. 254. 





larly in network theory) we must associate one-poini 
boundary conditions. Furthermore, the solutions is 
generally of interest not only in a finite interval, but, 
say, for all time with ‘20. For problems of this nature, 
a more convenient function to use than the classical 
Green’s function G(x, ¢) is a function H(x, ¢) which we 
shall call the one-sided Green’s function. [H(x, §) is 
formally defined in Definition 1 below. ] It will be seen 
that H(x, ¢) is, in general, an easier function to deal 
with (it having no discontinuities) than the correspond- 
ing classical Green’s function G(x, ¢). Also, H(z, f) is 
defined only with respect to the differential operator L, 
while to define G(x, ¢), the differential system must be 
taken into account. 
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The motivation underlying the formulation of the 
one-sided Green’s function rests in the method of varia- 
tion of parameters used in solving nonhomogeneous 
differential equations. (See, e.g., reference 1, p. 122.) The 
formal definition of H(x, ¢) reads as follows: 

Definition 1. Let 


L=po(x)(d"/dx")+ pi(x)(d"-1/dx"!) + +++ +-pr(x)- (1) 


be a linear differential operator whose coefficients p;(x) 
are real continuous functions in the semi-infinite inter- 
val J: [a, ©), and po(x)>0 in any closed bounded sub- 
set of J. We define a one-sided Green’s function of the 
linear differential operator L as any real function H(x, ¢) 
of the two real variables x and ¢ such that 

(1) H(x, §) is continuous in both variables simul- 
taneously and the first ” derivatives with respect to x 


_ 








are continuous in J; 
(2) d°H(x, £)/dx*|2;=0 for a=0,1,-+-,n—2; 
(3) O°“ (ax, $)/Ox"| onp=1/po(S); 
(4) LH(x, ¢)=0. 


2. PROPERTIES OF H(x,@) 
A. Construction of a One-Sided Green’s Function 


Before proving any theorems about H we shall 
actually construct a one-sided Green’s function in terms 
of a fundamental set of solutions of the linear differ- 
ential operator L. Let L be as in Eq. (1) and let 
{1(x), bo(x), «++, dn(x)} be a fundamental set of solu- 
tions of the linear differential equation Lu=0. Then 
we have 





$1(x) $2(x) en on(x) 
(—1)4 o1(f) $2(¢) ver on(f) 
H(x, §)=————| 41'(8) go (f) s+ bn (S) |, (2) 
pol(S)W(s) 
HOME) GMO Ga) 
where 
o1(¢) $2(¢) le $n(f) 
gy 2 ose pn’ 
w= | (¢) (¢) (¢) 3) 
di (SF) go" ™™(QT) es ha O(N) 





is the Wronskian of {¢1(£), $2(¢), «++, én(¢)}. That this 
H(x, ¢) satisfies conditions (1)-(4) of Definition 1 is 
readily verified by a direct calculation. 


B. Uniqueness of H(x, Z) 


Theorem 1. The Green’s function H(x, ¢) constructed 
for the linear differential operator is unique. 
Proof. From Eq. (2) we may write 


H(x, )=z a.(¢)o:(x), 


where the ¢,(x) are a fundamental system for L. Intro- 
duce the notation 


H,(x, §)=0°H (x, £)/dx*. 


Then, we have 
H.{f, => ai(f)o:(¢)=0, a=0, 1, a n—2, 
i=1 


Heals, N= ai(t)bi"—($)=1/ olf). 








Suppose H(x, ¢) is not unique. Let K(x, ¢) be another 
one-sided Green’s function for L. Let 


I(e, 3)=H(@, )—K(a, N=L bald oule). 


Then we have 
ye b($)o() =0, a=0, 1, oe n—1. 
i=1 


Since the determinant of the 0,;(¢) is the Wronskian of 
the ¢:(¢), we have b,(¢)=0, i=1, 2, ---, m, all ¢. Hence, 
we have J(x, ¢)=0, and H(x, ¢) is unique. 


C. Solution of Zu=f 


Theorem 2. Let L be a linear differential operator as in 
Eq. (1). Let H(x, ¢) be the one-sided Green’s function 


for L, and let f(x) be any real continuous function in_J. 
Then, if 


w(x) = f H(x, f(dde. 


it follows that 
Lu(x)=f(x). 
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Proof. We may write 


wu! (x) =H (x, 2) f(x) + f Hix, $)f(t)dt 


-{ Ay (x, Of(Ods, 
since H(x, x)=0 by definition of H. Similarly, we have 


uiorea)= f H,(x, OfOds, k=0, i ~ oe n—1, 


and 


u(x) = Hy_a(x, 2)f(2)-+ f Halx, $)f(t)dt 


=[f(x)/po(x) + J Hal, ¢)f (gdb. 


If we multiply u by p,-:(x) and add, we obtain 
Lu= f(x)+ f LH(x, S)f(3)de= fee). 


D. Equivalence of H(x, {) and a Fundamental 
System 


In this section we shall show that if the one-sided 
Green’s function H(x, ¢) of a linear differential operator 
L is known, then m linearly independent solutions of 
Lu=0 can be explicitly written down.? [In view of our 
construction in Sec. 2. A the converse problem is trivial, 
that is, to find H(x,¢) given a fundamental system 


{di(x), de(x), «++, on(x)}.] In order to expedite the 
proof of Theorem 3 we state a lemma’ and sketch its 
proof. 


Lemma 1. Let {¢1(x), $2(x), «++, On(x)} be a funda- 
mental set of solutions of Lu=0O [see Eq. (1)] with 
Wronskian W(x). Then 


vi(x)=[1/po(x) Jd logW(x)/dg"-”, 


form a fundamental set of solutions of the adjoint 
equation L+v=0.! 
Proof. Form the linear expression 


i=1,2,---,n, 


Then it follows that M :¢;= 6;;, where 6;; is the Kronecker 
delta. Hence, if « is any linear combination of the 


?An analogous problem (among others) is solved for the 
classical Green’s function in a forthcoming paper by K. S. Miller 
and M. M. Schiffer entitled “On the Green’s functions of ordinary 
differential systems.” 

3G. Darboux, Lecons sur la théorie générale des surfaces 
(Gauthier-Villars et Fils, Paris, 1889), Vol. II, p. 102. 

‘ S is the formal or lagrange adjoint of L. See reference 1, 
p. 123. 
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¢:(x), such as 
u(x) =Cidi(x)+Crdo(x)+ +++ +Crda(x), 
we have Mu=C;,, or 
dM u/dx=0. 


Since dM ,u/dx is of the nth order in the derivatives of y 
and has the same fundamental system as Lu=( 
dM u/dx must differ from Lu by at most a nonzero 
multiplicative constant, say, v;(x), 


dM u/dx=v;Lu. 


The factor v; can be determined by equating coefficients 
of u™ in dM u/dx and Lu. Doing this, we obtain 


1= (1/po)(1/W)AW G.-Y = (1/po)d logW/ag,'e-», 


Since v;Zudx is an exact differential, v;(x) must satisfy 
the adjoint equation L*u=0. 
Theorem 3. Hypothesis. Let 


L= po(x)(d"/dx")+ pi(x)(d"-"/dx""") +--+» +-p,(x)- 


be a linear differential operator with coefficients 
p:(x)eC"-* in the semi-infinite interval J: [a, ©). Let 
po(x)>0 in any closed bounded subset of J. Let H(sx, ¢) 
be the one-sided Green’s function of the operator L. 

Conclusion. The functions {ga(x)}, a=1, 2, +++, n 
form a fundamental system of solutions for Lu=0, 
where 


Ba(x) =[1/po(x) ]0 logw(x)/dpa"-”, 
a(S) = 0° 1H (x, $)/dx?| sa, 


and w(x) is the Wronskian of the We(x). 
Proof. From Eq. (2) we may write 


a=1,2,-+-,n, 


B=1,2,+++,n, 


H(e, )=Z osdor(0)! 


where the ¢;(x) are m linearly independent solutions of 
Lu=Oand the ¢;*(£) are m linearly independent solutions 
of L+u=0. We construct the following derivatives: 


=F ¢@e*) | 


i=l 


Oo 
Vai1(f) =——ZH(z, {) 
Ox* 


z=a 


for a=0, 1, ---, m—1. Since the W,(¢) are linear com- 
binations of the ¢;*(¢) (with constant coefficients), they 
are solutions of L+u=0. We now show that the y(S) 
are linearly independent. Write Eq. (4) in the matrix 
form y= W¢*, where y is the column vector of Pa+(f), 
a=0, 1, ---, n—1, W is the square matrix ||¢(a)|, 
i=1, 2, -+-,n, a=0, 1, ---, m—1, and ¢* is the column 
vector of the ¢,(¢), i=1, 2, ---, m. [Since W is the 
matrix of the Wronskian of the ¢;(x) evaluated at x=2, 
W is nonsingular. ] If the ¥g were linearly dependent, 
there would exist a constant vector c#0 such that 


5 Reference 1, p. 256. 
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=0(. This implies 
” 0=cW¢*. (5) 


It is also the case that cW #0, since W is nonsingular; 
and hence Eq. (5) implies that the ¢;* are linearly 
dependent—a contradiction. 


If we let 
ga() on [1/po(x) Jo logw(x)/dpa"”, 
a=1,2,---,n, (6) 


where w(x) is the Wronskian of the W(x), then g,(x), 
i=1, 2, -**, m are m linearly independent solutions of 
Lu=0. (See Lemma 1.) 


E. The Wronskian 


The Wronskian W(x) of the » linearly independent 
functions ga(x) of the above theorem can be written 
down as a determinant. However, we can obtain a 
simple expression for W (x) in terms of the Green’s 
function. If we compute H/,(¢, ¢) from Eq. (2) and use 
the fact that 


pos” = — pag? — pag? — +++ — Pag, 


where g is any of the » linearly independent solutions of 
Lu=0, we have 


Hf, $)= — prlf)/po(S) 


HS, §)/Hnals, 9) = — pilf)/ pol). 
Now W(x) satisfies ppW’+p:1W =0. Hence, if we let 


k(o)=H,(6, 6)/Hr-Alg, $), 


W(x)=Wo exo| J asa | 


where W, is a nonzero constant. 


and 


3. DISCUSSION OF H(x, ¢) 


If we have the relation 


ola) f H(x, Of(Ode, (7) 


we note that u“(a)=0, a=0, 1, ---, n—1. That is, 
the boundary conditions on u(x) are on only one point 
of the interval—hence, the term “one-sided.” The 
classical Green’s function G(x, ¢) for the totally homo- 
geneous incompatible linear differential system 


Lu=0, 


n—1 a—1 
U.(u)= > Agi (Q)+D Bau (b)=0, 
i=l jan] 


a=1,2,---,m (for some closed finite interval [a, 5 }), 


has the property that 
UG(x, ¢)]=0, 


In the case of the one-sided Green’s function, H(x, ¢) 
does not satisfy the boundary conditions H,(a, ¢)=0. 
Also, H(x, ¢) has no discontinuities, while G(x, ¢) has 
a discontinuity in its (n—1)st derivative at the point 
x=¢. 

If we attempt to impose more general boundary con- 
ditions on the system, we must use two-point boundary 
conditions. In this case the Volterra-type integral equa- 
tion involving H(x, ¢) must be modified to a Fredholm 
type, and we shall find that H(x, ¢) has to be modified 
to the classical two-sided Green’s function. However, 
as mentioned before, many engineering problems have 
only one-sided boundary conditions;* and hence H(z, ¢) 
is admirably suited to deal with such problems. 

As another example (besides the above quoted refer- 
ence) we mention the connection between the one-sided 
Green’s function and the impulsive response of a linear 
network.’ Suppose we have a linear network N with 
system function Y(p), p being the heaviside operator 
d/dt. Then the output of the system, y(t), is related to 
the input x(/) of N by the operational equation 


y(t) = V(p)x(2). 


Assume, as is often the case, that the inverse of Y is a 
linear differential operator L, then we have 


Ly(t)=x(2). 


If the system is assumed to be unexcited, and x(¢) is not 


applied until /=0, we may write, in our mathematical 
notation, 


a=1,2,+++,m. 


y()= f H(t, o)x(¢)de, 


where H(t, ¢) is the one-sided Green’s function for the 
linear differential operator L. 

Now the impulsive response W(t) of the network V 
is defined as the response when a delta-function is 
applied at the input. If we take the function 6(t—7r) as 
the input, that is, apply a delta-function at time ‘=r, 
then we obtain 

x(t) = 6(t— 1) 
and 


W()= f H(t, $)8(¢—1)d¢=H(6, 2). 


We sometimes write W(/, 7) instead of W(t) to indicate 
the dependence of W on the parameter r. 


6 See, for example, K. S. Miller and R. J. Schwarz, J. Appl. Phys. 
21, 290-294 (1950). However, precisely because of its one-sided- 
ness, H(x, £) does not readily lend itself to many theoretical 
problems, for example, determining the conditions under which 
Eq. (7) represents a self-adjoint integral operator. 

7L. A. Zadeh, J. Appl. Phys. 21, 642-645 (1950). 
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In the performance of antenna measurements the antenna is usually placed over a large conducting screen. 
The assumption is then made that the measurements are in close agreement with those that would be ob- 
tained if the screen were of infinite size. Recent experimental work, however, indicates that the finiteness 
of the ground screen may influence the measurements to a considerable extent. 

It is therefore desirable to solve this problem theoretically in order to determine the extent of the change 
introduced by the use of a finite screen. This paper treats the problem of an antenna erected vertically in the 
center of a circular screen. An integral equation is obtained for the electric field in the plane of the screen, 
outside the screen. This equation is solved approximately by the use of a variational principle, and a formula 
is obtained for the change of antenna impedance as a function of the diameter of the screen. The formula 
may be used to give a simple and accurate estimate of the changes introduced by the use of a finite screen. 





I. INTRODUCTION \ 


N most measurements made on thin wire antennas, 
it is customary to place the antenna over a large 
conducting screen in the manner indicated in Fig. 1. 
If this screen is large in comparison with the wavelength 
being used, the assumption is generally made that the 
experimental results are in close agreement with those 
that would be obtained if the screen were of infinite size. 
Recently, Meier and Summers! measured experimen- 
tally some effects produced by using a finite screen. 
Their results indicated that measurements taken over 
a finite screen may differ appreciably from those that 
would be taken using an infinite screen. 

It would therefore be desirable to solve this problem 
t'eoretically and determine the effect of using a finite 
screen. To the best of the author’s knowledge, the first 
person to attempt to do this was Bardeen.’ He con- 
sidered the problem of an antenna placed vertically in 
the center of a circular screen and obtained an integral 
equation for the currents on the screen. However, he 


LARGE CONDUCTING SCREEN 







GENERATOR, 


/ COAXIAL LINE 





ANTENNA 


Fic. 1. Typical experimental setup for performing 
measurements on antennas. 


* The research reported in this document was carried out under 
a fellowship awarded the author by the AEC. Publication of the 
report has been made possible through support extended Cruft 
Laboratory, Harvard University, jointly by the Navy Department 
(ONR), the Signal Corps of the U. S. Army, and the U. S. Air 
Force, under ONR Contract N5-ori-76, T. O. 1. 

1A. S. Meier and W. P. Summers, Proc. Inst. Radio Engrs. 37, 
609-616 (1949). 

2 J. Bardeen, Phys. Rev. 36, 1482-1488 (1930). 
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did not solve this equation except for the case of a screen 
small in comparison with the wavelength. 

Recently, Leitner and Spence?’ obtained a solution for 
this problem in the form of an infinite series of spheroidal 
functions. Unfortunately, however, this series converges 
very slowly for the larger radii screens. Thus, for the 
practical case of screens greater than 10 wavelengths in 
diameter, this solution is limited in its usefulness. More- 
over, Leitner and Spence confine themselves to the par- 
ticular case of an infinitesimally thin quarter-wave- 
length antenna. As will be seen, this is a very serious 
restriction, since the effects of a finite screen change 
markedly for different lengths of antenna. 

This paper will consider the same problem, i-e., an 
antenna erected vertically in the center of a circular 
screen. However, there will be no restriction placed on 
the length of the antenna. The problem is formulated 
in terms of an integral equation for the radial com- 
ponent of the electric field in the plane of the screen. 
Then, for the useful case of large diameter screens, this 
integral equation is solved approximately by means of a 
variational method. A simple and easily evaluated ex- 
pression for the change of the antenna impedance as a 
function of the screen diameter is obtained. A discussion 
of the change of the fields will appear in a later paper. 

The formula for the change of the impedance is a use- 
ful one. It gives a very simple criterion for determining 
whether a ground screen is large enough to be con- 
sidered, for practical purposes, an infinite screen. 


Il. FORMULATION OF THE PROBLEM 


The physical problem will be simplified by assuming 
that the screen is of vanishing thickness and perfectly 
conducting. Since this paper is primarily concerned with 
large screens, the apparatus to the rear of the screen 
driving the antenna may be ignored. 

A cylindrical coordinate system (r, ¢, 2) will be used, 
oriented so that the z axis coincides with the center of 
the antenna and the screen lies in the z=0 plane (see 


3A. Leitner and R. D. Spence, J. Appl. Phys. 21, 1001-1006 
(1950). 
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Fig. 2). The height of the antenna will be represented 
by 4 and the diameter of the screen by d. The total 
current flowing at a point z on the antenna will be 
denoted by J(z). Since this paper is concerned only with 
felds at far distances from the antenna, the antenna 
may—and will be—represented by a filament of current, 
I(z), concentrated on the z axis. 

Obviously, a circular symmetry exists and there is no 
dependence of the fields on the ¢-coordinate. The only 
electromagnetic-field components present are, therefore, 
E,, E., and Hy. When a harmonic time dependence of 
the form e~*“* is used, the maxwell equations for the 
fields become 

E,= [00H 4/ikdz, 


E,= — {.0rH,/ikrdr, 


(#H,/d2*)+ (PH 4/dr’) 
+ (0H,/rdr)—(H,/r)+PH,=0, (2) 


(1) 


where 
x _ w(Mo€o) i 


Co= (uo/€o)'= 1207 ohms. 


The boundary conditions associated with these equa- 
tions are (1) that Z, must vanish on the screen, (2) that 
the fields present are “‘radiating” fields, and (3) that 


Zz 
lim H,=—, 
r—0 2ur 


O0<s<h. (3) 


This last condition is simply the mathematical state- 
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PERFECTLY CONDUCTING SCREEN 


| 
| 
Fic. 2. Orientation of the cylindrical coordinate system. 


ment of the fact that the current J(z) is exciting the 
fields. 

Since the screen is assumed to be large, the fields 
present do not differ greatly from those of an infinite 
screen. Hence, it is logical to set 


H.=Hs?+A, 


where H,4” is the magnetic field when an infinite screen 
is present, Hy is the change of the field when a finite 
screen is present. 

H,” may be obtained immediately by using a Helm- 
holtz integral together with the theory of images. Thus, 
one obtains ' 





4a Or 


H,%(r, 2)= 
| 


where j(r, 2) is the current density on the antenna. 


antenna 
and image 





r 10 = cos(¢— ¢’) ]}} 
[(s—2’)?+r2+r2—2rr’ cos(@— ¢’) }} 


j(r', 2z’)dv’ z>0 


z<0 


Since the antenna is being represented by its total current, /(z), concentrated on the z axis, this integral becomes 











From the manner in which it was constructed, it is 
apparent that H,* must satisfy the wave equation (2) 
and the condition 

(E,*) .-0= (0/ik) (0H 4”/0z)2-0=0. 


Now, since both H, and H,” satisfy the wave equa- 
tion (2), it follows that H, must also satisfy this 








equation, i.e., 


[(6°/ds*) + (8°/dr?)-+-(8/rdr)—(1/r) + JA,=0. (4) 











1 0 *exp{ikl(z—2’)?+77}}} 1 0 f*exp{ikl(z+2’)?+77 }}} 
-—— I(z')dh  —-— — I(z')dz’ z>0 
H,*(r, 2) dn dr Jy [(s—2')?+r?]} dr dr Jo [(s+2')?-+r?]}! 
r,2)= = “7 
' antenna image 
LO 2<0 





H. is continuous everywhere except across the 
z=0 plane, where it is discontinuous because of the 
presence of the screen. Let Ji(x) denote a_bessel 
function of the first order and kind. It can be shown‘ 
that any radiating solution to the wave equation (4), 
discontinuous across the z=0 plane, may be repre- 


‘J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), pp. 369-371. 
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sented in the form 


¢@ @ 
f J(rr) exp[i(—d2)'z ]ft(A)AdA, z>0 


Ag(r, 2) _ 2 
f Ji(Ar) exp[—i(#?—d2)4z ] f-(A)AdA, 

; 2<0 

The positive imaginary character of the exponentials 
insures that these integrals represent radiating func- 
tions. The (k?—*)! is defined to be equal to i(\*— k*)! 
for \>&k to secure convergence of the integrals. The 
boundary conditions at z=0 must be used to determine 
the functions f(A) and f-(A). 

The first boundary condition that will be imposed is 


that EZ, must vanish on the screen. Remembering that 
(E,”),.0.=0, (E,),-0 is given by 


(E,) z=0 = (E,*+ E,),-0.= (E,).-0= (¢o/ik) (OH 4/dz).-0, 
0, O<r<d/2 (on screen) 
t(r), r>d/2 . 


The function £(r) thus has the interpretation of being 
the radial component of the electric field in the plane 
of the screen and outside the screen. Inserting the inte- 
gral represetations of 4, one obtains the following 
equations: 


(E,).—0= 


fo ¢” 
ts — )2 4h f+ 
: J Ji (Ar) [RP — 2 tft (A) AdA 


0, O<r<d/2 
{eo r>d/2 
“ao (S) 
~ J TiO) — JY (A) AAA 
0, O<r<d/2 
{a r>d/2 


Equations (5) may be solved for f*(A) and f-(A) by 
means of a fourier-bessel transform pair. For functions 
of the first order and first kind this transform pair is as 
follows: 


“f a 
a= f Ji(Ar)B(A)Add, 


then 


BOn)= J Js) A (dr 


Using these to solve Eqs. (5) for f*(A) and f-(A), one 
obtains 


fr(n) = (k/tol—eP) f Taelryrar, 


FO)=—(/toLB-KY) [Jaret 


STORER 


When these are inserted, 1, becomes 


(e/se) f Ji(Ar) exp(ik?— 2 }!z) 


x| f Je) 
a/2 


—  (A/LR?—A*}!)dd, 2>0 
H,= ° 


\— (4/0) f . J (Ar) exp(— iL k?— \? ]}z) 
0 


x| f Lio yetr ar’ 
d/2 
 (A/LR— dW ]}!)dr, 2<0 


Since &(r) represents a radial component of the elec- 
tric field at z=0, it vanishes for large r as (1/r*)ei*r, 
Hence, the above integrals are absolutely convergent, 
and the order of integration may be interchanged. Using 
the notation, 


G(z—2’, r,7’)= 
if JiAr)Fi(ar’) 
0 

Xexp(iLk?—d*}!|2—2'| )(A/[R— dA, (6) 
the magnetic field may be written in the form 
H.=He+H. 
Het(r,2)—(2ik/to) | Gla, r, rele, 

i/2 
2>0 


wa 


<0 





(2ik/t0) f G(z, 7, r’)E(r’)r'dr’, 
‘ d/2 


G(z—2z’, r, r’) may readily be shown to be the radiat- 
ing Green’s function satisfying the wave equation 


[ (8/d2*)+ (8*/dr*)+ (8/rdar)— (1/r?) +2 JG(z—2’, 1,1’) 
= —6(r—r’)b(z—2’)/(rr’)!. 
Equation (7) could have been obtained using this 
Green’s function together with Green’s theorem. The 
author feels that the approach used is somewhat more 
direct. Although of no interest so far as this paper is 


concerned, it may readily be shown’ that this function 
is related to the free-space Green’s function by 


G(z—2’, r,r’) 


Q2r 
- f Gole—2’, 7, 1’, —¢') cos(d—4")dd 
0 





J * exp| ik[(2—2')*+r°+-1'2— rr’ cos(o—4')}! 


4n[ (z—2')?+r2+r2—2rr’ cos(o—¢’) }! 


X cos(o—¢’)d¢. 
5H. Levine and J. Schwinger, Phys. Rev. 75, 1430 (1949). 
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Equation (7) expresses the magnetic field in terms of 
the yet unknown function &(r). An equation for £(r) 
is obtained by noting that Hy must be continuous 
everywhere in free space. In particular, H, must be 
continuous on the surface z=0, r>d/2; that is to say, 
in the plane of the screen outside the screen. Using 
Eq. (7) immediately gives 
H.®(r,0)—(2tk/fo) J GO, 7, r’)E(r’)r’dr’ 


aj2 
= (2ik/) f G(0, r, r’)é(r’)r'dr’, r>d/2, 
d/2 
or, more concisely, 


H,*(r, 0)= (4ik/ so) f G(O, r, rer’ W'dr’, r>d/2. (8) 


d/2 


Equation (8) is valied for any diameter of screen. If 
t(r) is expanded in a series of spheroidal functions, Eq. 
(8) may be solved exactly. This, however, leads directly 
back to the solution of Leitner and Spence,’ which is 
useful only for screens of fairly small diameter. The 
advantage of formulating the problem of a finite screen 
in terms of an integral equation lies in the fact that it 
is possible to obtain a simple, approximate solution to 
it by means of a variational method. This solution is 
valid for a large ground screen. 


III. VARIATIONAL FORMULATION 


It is possible to obtain a variational formulation for 
Eq. (8) as it stands. However, it is convenient first to 
simplify it somewhat. Since the only solutions of interest 
are those for large screens, this fact will be introduced 
explicitly at this time by the following two assumptions: 


(a) kd>>1, 

(b) @>F. 
The necessity of making assumption (b) is apparent. 
Quite obviously, if the height of the antenna were of 


comparable size to the diameter, the screen could not be 
considered large. 


Since in Eq. (8) r>d/2, the function H,*(r, 0) may 
be simplified using (a) and (b). Thus, one obtains 


1 0 f*exp(ik[7?+2’7]}) 
H, (r, 0)=—— — [r2+2/2]) 


2x Or 0 
h 
= (1/21)(0/ary(e/r) f T(2’)d2’ 





I(2’)dz’ 


h 
>- (ike™/2mr) f I(z)dz. 
0 
Using this, the integral equation becomes 


|- (F/8n) f I(z)dz fen 


-j GO, 7, r')&(r")r'dr’. (9) 
a/2 


Equation (9) indicates that, although the over-all 
magnitude of &(r) is dependent on /(z), its functional 
dependence on r is not. For the purposes of the varia- 
tional formulation, a parameter yu will be defined as 


follows: : 
| —(r/8 f I(eas| 


f e**rt(r)dr 
aj2 


If Eq. (9) is multiplied through by ré(r), integrated 
with respect to r from d/2 to ~, and then divided by 


f ; coreoar], 


the following expression for yu results: 





m (10) 


J f GO, 7, r’)E(r)E(r’)rr'drdr’ 


d/2 “ d/2 


p= ; (11) 


f ; crear] 


Equation (11) can be shown to be a variational formu- 
lation of the integral equation with yu as the stationary 
parameter. This is readily proved by taking the first 
variation of wu. Thus, using Eqs. (9) and (10) together 
with Eq. (11), one obtains 





vs) i] 


f G(0, 7, 7’) {E(r)BE(r) + E(P'BECY) }rr'drde’ 
da/2 d/2 


iced 


f f G(0, r, r’)E(r)E(r’)rr'drdr’ 
a/2 


a/2 
c) 3 
| f crete dr| 
d/2 
x | f i erae(er| 


2| ~(e/80) f I(ehs| i) e**rt(r)dr 
0 a/2 


Lf crete dr| 
d/2 


f e*r§t(r)dr 
d/2 
—2yu =(, 


Lew 





ju= 





—2 
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SURFACE OVER WHICH POYNTING 
(VECTOR MAY BE INTEGRATED 


—— 


| SURFACE OVER 
| WHICH POYNTING 
VECTOR |S 


INTEGRATED 








Fic. 3. Surfaces for Poynting vector integration. 


Conversely, if uw in Eq. (11) is required to be sta- 
tionary, it may be shown that the original integral 
equation (9) is obtained. 


IV. EXPRESSION FOR THE INPUT IMPEDANCE 


The purpose of this section is to obtain an expression 
for the input impedance, Z, of the antenna as a function 
of &(r). Let o denote a surface which surrounds the 
antenna, such as indicated in Fig. 3. Applying Poyn- 
ting’s theorem to this surface, one obtains the following 
results: 


1 
o=- f (EXH*)-ndo, 


where real part ®=mean power being radiated by the 
antenna, imaginary part ®=2wXdifference between 
mean electric and magnetic energies inside a, n is the 
unit outward normal vector to o. 

The expression developed for the fields, Eq. (7), is 
based on the assumption of an infinitesimally thin 
antenna and hence is only valid at large distances from 
the antenna. Therefore, if o is taken to be sufficiently 
far away from the antenna, ® becomes 


1 
o=- f (E+E) (H°+H)-ndo. 


Poynting’s theorem is based on the maxwell equa- 
tions. The fields, E*+-E, H*+-H, satisfy the maxwell 
equations and correctly represent the power being 
radiated when the surface a is at a considerable distance 
from the antenna. Accordingly, these fields must also 
represent correctly the power being radiated if the sur- 
face o is taken to be close to the antenna. In particular, 
if o is allowed to shrink until it just surrounds the 
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antenna, it is seen that 


e=lim - -f if (E24 B,)(Hy°+4)*(@X $)-trdeds 
h 
ae ene x y orp .\* 
im fo Bar BSA) (12) 


The results of this section may be obtained by taking 
a to be a large spherical surface. This approach, “we 
ever, involves more algebra than the one being used, 
The quantity ® is connected to the input impe- 
dance by 
=}$Z1(0)I*(0). 


I(0) is the current at the driving point of the an- 
tenna. Inserting this expression for ®, Eq. (12) may be 
written in the form 


h 
ZI(0)I*(0) = —lim 2nr| f (E,°+E.)(H6°+H,)dz . 
_— 0 


Now, from Eq. (3), one obtains 


I(z) 
lim (H.°+H,)= lim H,*=lim —, 
r—0 2nr 


0=zSh. 


H, does not contribute to this expression, since 
changes in radial currents on the ground screen (repre- 
sented by H,) do not affect the distribution of current 
along the vertical antenna. This can readily be shown 
from the integral representation, 7, for H,. 

Hence, it follows that 


h 


Z1(0)I*(0)=— f [E+E ]rmol*(z)dz. (13) 


Let Zo denote the impedance of the antenna over an 
infinite screen. Directly from the definition of E,, or 
from Eq. (7), it is apparent that FE, vanishes for an 
infinite screen. Hence, one obtains 


h 
Zl (0)I*(0)= lim {- f [E.°+ E,),-01*(2)dz 


h 
=— f [ E,” |reol*(z)dz. 


Therefore, the first integral appearing in Eq. (13) is 
connected with impedance over an infinite screen. 
When this information is inserted, Eq. (13) becomes 


(Z—Z,)I(0)I*(0) = — f [E.]n-ol*(z)dz. (14) 


Thus, it is seen that the effects of the infinite screen 
subtract out yielding directly an expression for the 
change of the impedance, Z— Zp. Inserting the value for 








(Z- 
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[E,]=0 in terms of (As ]nm0, one obtains 


(g—Z)1(0)I*(0) 
= (u/it) f [(1/r)(0/dr)rH4]p-ol*(z)dz. (15) 


When the value for H, given by Eq. (7) (15) becomes 
(Z—Z»)1(0)I*(0) 


_-? f f Laine/anraio,r, r, 1’) Inno 


X &(r’)I*(z)r'dr'dz. (16) 


Using the integral representation of G(z,r,r’) from 
Eq. (6) and noting that 


(1/r)(0/dr)rJi(Ar) 
= —(1/)(1/r)(8/dr)r(8/dr)Jo(dr) =AJo(dr), 
we see that 


[(1/r)(0/dr)rG(z, r, r’) | po 


Ji(Ar)Ji(\1’) 
[35 a8 tie 


exp(iT—M P|) aA/LE— 0 


= -14 f Jo(Ar)Ji(ar’) 
0 


x exp(iLk?— d?]}| 2] )Add/ ex} | 


=— uf Ji(Ar’) exp(iLk?—d?}!| 2] )Add/LR— 2]! 





~1i(a/ar’) f Torr’) 
0 
Xexp(iLk?—d?}8| z| )AddA/LR2— A? 
It can be shown that® 
exp[ik(z?+-r?) ii 
-if Jo(Ar) 
(r?+-22)3 
X exp(éLk?—d? }}|2| )AdA/L— 7}, 


and hence that 
L(1/r)(0/dr)rG(z, r, r’) ]rmo 
—}(0/dr’) exp[lik(r’2+27)!]/(r’2+22)!. 


Now, in Eq. (16), kr’>kd/2>>1, and r’2>>h?>2*. The 
following approximation may accordingly be made: 


[(1/r)(8/dr)rG(z, 1, 1’) ono — 3 (8/ dr’ )e**r’ /r’ 


—>—ike**?’/2r’. 
* Reference 4, pp. 575-576. 
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When this is inserted into Eq. (16), it becomes 


h Cs) 
(Z—Zp»)I(0)I*(0) = at| f r*(ehds| | f e**r’ E(r’) dr’ | : 
, 0 d/2 


Eliminating the quantity 


| f ct e)ar'| 
d/2 


in favor of the parameter u defined by Eq. (10), one 
obtains 


(Z—Zo)I(0)I*(0) 


= (G/8riN(1/0)| f r(eds| | f (es: 


or, solving for Z—Zo, one obtains 


Z—Zo= (S0/8riku) (17) 





k J [I(z)/1(0) \dz} « 





The utility of formulating the problem of the finite 
screen in this manner is already becoming apparent. If 
the value of yu is calculated from the variational expres- 
sion (14), it depends only on the function £(r). However, 
for a large screen it can be seen directly from Eq. (9), or 
from physical considerations, that the magnitude of 
£(r) depends on the driving current but its shape does 
not. But the variational expression (14) for u is inde- 
pendent of the magnitude of &(r). Hence, the factor 





ef [I(z)/I(0) |dz 





represents the entire dependence of Z—Zo, for large 
screens, on the driving current. Evaluation of the quan- 
tity « will then complete the picture by indicating the 
dependence of Z—Z» on the diameter of the screen. 


V. EVALUATION OF u 


For convenience, the variational expression for yu 
[Eq. (11) ] is now repeated. 


f f GO, 1, ')E(*)E(’)rr'drdr’ 


d/2 


ne 


This expression for » has the property of being sta- 
tionary with respect to small changes of &(r) about the 
correct value of &(r). Hence, if an approximate value for 
£(r) is used, a very good value for u is obtained. More- 
over, since the variational expression is independent of 
the over-all amplitude of £(r), the function inserted need 
only resemble the correct £(r) in its shape. 





= 












In order to see what function should be chosen, it is 
worth while to remember the Sommerfeld solution to 
the problem of the diffraction of a plane wave by an 
infinite half-screen. In this problem the electric field in 
the plane of the screen, which is analogous to é(r), is 
given for small x by 


E,= (e***/x#){ Apt Aix + Aov?+::- }, Aox¥0, 


where x=0 represents the edge of the screen. 

Since the problem of an antenna over a finite screen 
is in reality the problem of diffraction of waves around 
a large circular screen, it would be logical to choose 
for £(r), 

E(r) =e f(r)/(r—d/2)}, (18) 


where f(r) is a slowly varying function of r, finite at 
r=d/2. Since &(r) approaches e‘*"/r? as r approaches 
infinity, a logical choice for (r) would be 1/r?. However, 
it will be seen later that it is not even necessary to 
specify f(r) in order to obtain a good value for yu. 

This representation for &(r) may also be obtained 
from the exact expression for &(r) given by the series 
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of spheroidal functions obtained by Leitner and Spence? 
This series has exactly the character indicated by 
Eq. (18). 

However, it is not at all necessary to refer to other 
work to obtain Eq. (18). The variational formulation 
will give this directly. Thus, if the very general function 


E(r) =e'’*f(r)/(r—d/2)” 


is substituted into the variational expression, the result- 
ing yu is a function of both v and ’. Since this expression 
for u is stationary, the best values of v and k’ are ob- 
tained by setting 


Ou/dk'=0, dp/dv= 


The procedure indicated may actually be performed 
although the results involve complicated integrals of 
bessel functions. The values of v and k’ are found to be 
v=% and k’=k. Thus this procedure leads back to Eq, 
(18) and so it is certain that Eq. (18) will give the cor- 
rect value of u for large screens. 

Inserting Eq. (18) into the variational expression 
for u, one obtains 


f f (rr’)'G(O, r, r’)e® OF f(r) f(r’) /(r—d/2)(r’ —d/2)* ](rr’) *drdr’ 
a/2 


a/2 





= 


d/2 


(f etjar/-d/2)] 


Performing an integration by parts on the integral appearing in the denominator of the above expression, 


erikt 
(t— yD 





f etl f()/(r—d/2)Jar= — f(r) ‘=> 


x“ “sf lf erikt e df(r) 
—- Fa r 
a/2 a/2 (t—d/2)! dr 
erikt “ wm gftikt df(r) 
= ————dt | ——dr. 
A; Maw De “SS (t—d/2)! | dr 


The integral involving df(r)/dr can be shown to be much less than the integrated term, since 


f(r)>(1/k)df(r)/dr. Thus, for example, if f(r) were chosen to be 1/7}, then df(r)/dr= 


—$(1/r'!?). Since 


kr>k(d/2)>>1, then 1/ri>>—}(1/kr*). Hence, the integral involving df(r)/dr may be neglected for large 
screens. Using r'f(r) as the slowly varying function, the integral in the numerator may be similarly treated. 


This yields, for yu, 


(d/2) f(d/2)f(d/2) 


d/2™ d/2 


” GrGO, r, r’)[etrte /(r—d/2)8(r' —d/2)* \drdr’ 





Lh= 


pa/2)| f [e/(r—d/2)"r] 
d/2 


m i f (rr’)*G(O, r, r’) [eit /(r—d/2)4(r' —d/2)* ]drdr’ 
d/2 


d/2 





2 


| [ey(t—d/2)¥| 
, a/2 








an 














The integral in the denominator may readily be 
evaluated. Making the substitution /’/=/—d/2, one 
obtains 


[emy(e—d/2)"r= ee [ enva'/() 
a/? 0 

= (r/2k)teikt+ilx/) (19) 
and hence 


y= (kd/ri)e-titd f f (rr')'GQ, r, 7’ 
a/2™ d/2 


X [etre /(r—d/2)'(r' —d/2)* Jdrdr’. 


Since kr, kr’>>1, the function G(0,r,r’) may be 
simplified by replacing the bessel functions in its inte- 
gral representation by their asymptotic values. The 
resulting integral can be evaluated. For details the 
reader is referred to the author’s original paper.’ 

The value of u so obtained is given by 


p= 1de-i*4{ 1+ eikd+i@n!4) /(2ekd)3} 


Returning to the expression for Z— Z» [ Eq. (17) ] and 
inserting this value for » gives 








fo hT(z) |? eikdti(34/4)7-1 
Z-Z = e*d)k | ——dz [1+ ; 
2rkdi o (0) (2xkd)} 





The inequality kd>>1 is intended to mean that kd is 
of the order of 60 (or, equivalently, a screen of greater 
than 10 wavelengths in diameter). Hence, it follows that 
1/(2xkd)!<0.05. Therefore, the last factor in the ex- 
pression for Z—Z) may be dropped, as it is quite 
negligible. This gives as a final result 


9 


Z- Zo= ({o/2akdi)e‘*4 ° (20) 





k f [I(z)/1(0) dz 





VI. INTERPRETATION OF RESULTS; COMPARISON 
WITH EXPERIMENT 


Inserting k=27/X, where X is the free-space wave- 
length, and the numerical value {9>=1207 ohms, the 
expression for Z—Z,) [Eq. (20) ] becomes 























hT(z) |? 
ZL — Ly=- era) | | ——dz| ohms. (21) 
i(d/X) 9 (0) 
Separating into real and imaginary parts gives 
9.55 d T(z) |? 
R—R)= sin2x—|k | ——dz|, 
(d/d) A| Yo IO) 
9.55 d hI(z) |? 
X—Xo= cos2a—|k | ——dz|. 
A} Jo J(0) 








"J. E. Storer, “The impedance of an antenna over a large circu- 
lar screen,” Technical Report No. 119, Cruft Laboratory, Harvard 
University, November 30, 1950, 
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Thus, both the resistance and reactance are damped 
periodic functions of d with period \. Plotted on the 
complex plane, Z—Zp is a spiral of slowly decreasing 
radius. Since the factor | ko" [7(z)/I(0) ]dz|? is dimen- 
sionless, Eq. (21) may be divided through by it and a 
“universal” curve obtained. This appears in Fig. 4. 

The dimensionless factor | k fo" [7(z)/I(0) ]dz|* repre- 
sents the dependence of Z—Zp» on the current. For 
kh<2rn, it is a well-known fact that the current on the 
antenna, for any diameter of antenna, can be approxi- 
mated by 


I(z)=1(0)[sink(h—z)/sinkh ], 
Using (22), one obtains 


kh<im. = (22) 


“=[(1—coskh)/sinkhF, 








k f [1(z)/1(0) dz 


kh<3mn. (23) 


It is seen that the factor | k fo" [/(z)/I(0) ]dz|* equals 
1 for the dipole antenna, kh=2/2. Hence, the “‘uni- 
versal” curve of Fig. 4 may also be given the interpreta- 
tion of being the change of impedance for a dipole 
antenna. 

Examining Eq. (23), we see that this factor is small 
for small kk and becomes progressively larger as kh is 
increased. Near antiresonance, kh=z, the current on 
the antenna is quite dependent on the diameter of the 
antenna as well as its length. Hence, to evaluate this 
factor near antiresonance would require the substitution 
of a more accurate current distribution than Eq. (22)— 
such as those given by King,*:® for example. Since this 
factor is very large near antiresonance, the impedance 
change, Z—Z», may easily get as large as 40 ohms. 
However, the impedance itself is large near antireso- 
nance and this is only a small percentage variation. 

To the best of the author’s knowledge, the only ex- 
perimental measurements with which it is possible to 
compare these results is the aforementioned work of 
Meier and Summers,' who verified the fact that Z—Zo, 
plotted on the complex plane, is a spiral of slowly de- 
creasing radius. Moreover, the fact that this spiral has 
a “period,” or completes one revolution, as d is in- 
creased by a wavelength, is in substantial agreement 
with experimental results. 

Qualitatively, the factor |k/fo" [I(z)/I(0) ]dz|? ap- 
pears to represent very satisfactorily the experimental 
data on antenna length. The measurements of Meier 
and Summers unfortunately do not extend to sufficiently 
large values of d to make possible a quantitative check 
of this dependence. 

The only data of Meier and Summers with which it 
appears possible to make a quantitative comparison are 


®R. King, “Graphical representation of the characteristics of 
cylindrical antennas,” Technical Report No. 20, Cruft Laboratory, 
Harvard University, October 1, 1947. 

*D, Middleton and R. King, J. Appl. Phys. 17, 273-284 (1946). 
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Fic. 4. Universal curve for the change of antenna impedance 
as a function of ground screen diameter. 


for an antenna length of 4/A=0.224 and 4<d/A<6. 
The inequality d>>/* is satisfied. However, the in- 
equality kd>>1 is meant to imply that kKd=2zd/d is of 
the order of 60. But for d/A=5, kd=30, and the in- 
equality is not satisfied. However, the agreement should 
be close. : 

Since kh< 3x, Eq. (23) may be used; and the impe- 
dance change for this length of antenna becomes 








9.55 1—cos27(0.224) f 
Z~Zem erwan| 


i(d/X) sin27(0.224) 
=[6.90/(d/d) Jer=iCanr—ite/2), (24) 
The phase of Z—Zp» given by Eq. (24) agrees to 


within experimental error. Taking magnitudes on both 
sides of Eq. (24), one obtains 


(d/X)|Z—Zo| =6.90. 
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Experimentally, the following is measured: 


d/x (d/r)|Z—Zo| 


4.5 9.1+0.5 

5.0 8.4+0.5 

5 7.8+0.5 
Theoretical 6.90. 


The agreement is already close. It is not difficult to 
believe that when the condition kd>>1 is satisfied, say 
for d/A=10, the theoretical and measured values will 
agree. 


VII. CONCLUSION 


This paper has derived a simple formula for the 
change of the input impedance of an antenna as a func- 
tion of the diameter of the ground plane. As will be 
shown in a later paper, it is also possible to obtain from 
this formulation an expression for the fields over a finite 
ground plane. 

However, these results are not of prime interest. 
Usually all that is desired is to know whether the screen 
is large enough so that for practical purposes it may 
be considered an infinite screen. The formula for the 
impedance change [ Eq. (21) ] may be used to determine 
this. To illustrate, consider the typical example of a 
quarter-wavelength antenna over a 10-wavelength 
ground plane. From Eq. (21) it is found that the impe- 
dance change for this case is about 1 ohm. Since the 
impedance of this antenna is of the order of 40 ohms, 
the use of a 10-wavelength ground plane instead of an 
infinite one produces a change of 2} percent. Whether 
or not this change may be regarded as a negligible effect 
depends upon the type of measurements being made. 
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Expected Number of Crossings of Axis by Linearly Increasing Function Plus Noise* 


FRANK W. LEHAN 
Chief of Telecommunication, Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 
(Received March 7, 1951) 


The expected number of times the function e(#) = at+-en(t) crosses the ¢ axis in a positive direction prior to 
any given time is calculated, where ey(¢) is a random noise function of arbitrary power spectrum. The solu- 
tion is given as the product of two functions. Curves are presented for the two functions. 





I. INTRODUCTION AND SUMMARY 


ANY situations arise in which a signal voltage, 

which is approximately a linearly increasing 
function of time, is caused to trigger some device when 
the voltage reaches a preset value. For example, the 
functioning of a relay or thyratron in an on-off control 
mechanism frequently may be resolved into an occur- 
rence of this kind. Upon the signal voltage there is 
usually superimposed an unavoidable fluctuating noise 
voltage which causes an error in the time at which 
triggering occurs. 

It is of interest to find the probability distribution 
of the error. Although this problem has not been solved, 
the results of a related but simpler problem are given in 
the present discussion. The problem to be solved is to 
find the expected number of crossings of the axis (in a 
positive direction), prior to a given time T, by a voltage 
which is the sum of a linearly increasing function of 
time e,(/)=at and a random noise voltage of arbitrary 
power spectrum ey(/). This solution is a generalization 
of the problem of finding the expected number of times 
per second a noise voltage crosses a fixed arbitrary 
reference level.' The situation is illustrated graphically 
in Fig. 1. The solution to this problem is presented in 
Sec. II, and details of the solution are given in the 
Appendix. 

















” 7 


a 


Fic. 1. Signal-plus-noise voltage in region of crossing of axis. 


* This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of Tech- 
nology, under Contract No. DA-04-495-ORD 18, sponsored by 
the U. S. Army Ordnance Department. 


wane Rice, Bell System Tech. J. 23, 282-332 (1944); 24, 46-156 
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II. SOLUTION TO PROBLEM 


The expected number of crossings (from the negative 
to the positive side of the time axis) prior to time T is 
found to be given by 


C=1(7)®(4), (1) 
where A 
(4) = (2m) f ody (2) 


is the normal probability distribution function.? It is 
plotted in Fig. 2. As will be seen, ©(¢) gives the fraction 
of the total expected number of crossings that may be 
expected to be completed up to a given time. 

The function I'(y) is given by 


I'(y)=L0'(y)/v]+ 8(y), (3) 


where 
®'(-y) =d®(y)/dy=(2r)-he-7"” (4) 


is the normal probability density function. The function 
I'(7) is plotted in Fig. 3. It is the total expected number 
of crossings. 
The variable ¢ is a normalization of the variable T 

and is given by 

o=T/r, (5) 
where 

T= 11'/a, (6) 


NORMALIZED TIME @¢ 





-4 
0.01 cea) ' 


109 20 W270 1607 80 90 99 


99.9 9299 


EXPECTED PERCENTAGE OF TOTAL NUMBER OF CROSSINGS (¢) 


Fic. 2. Plot of &(¢) vs ¢. 


* Harald Cramér, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, New Jersey, 1946), p. 208. 
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Fic. 3. Plot of P'(y) vs +. 


and where a is the slope of the e,(¢) line and y;! is the 


rms level of the noise. The parameter 7 is indicated in 
Fig. 1. 

The variable y is a normalization of the weighted 
average period of the noise and is given by 


y=T./r, (7) 
where 


ra= fo amin/se f paw(y (8) 


and where, assuming a 1-ohm resistance, W(f) is the 
total noise power between zero frequency and frequency 
f. (This power would be read by a thermal power meter 
at the output of a low pass filter of cut-off frequency f, 
if the noise were supplied to its input.) The integral in 
Eq. (8) is to be taken in the Stieltjes sense. 


APPENDIX. METHOD OF SOLUTION 


As a first step in finding the expected number of crossings prior 
to time T, it is desired to determine the probability that the noise 
voltage en(¢) will pass, in the time interval (¢;, 4: +d?),¢ through a 
straight line whose slope is —a@ and whose value (at ¢=4,) is ¢. 
This time interval is taken short enough to assure that the seg- 
ment of e¢y(#) may be considered a straight line. An examination of 
Fig. 4 shows that this condition places certain restrictions on the 
variables — and 7, where ¢ is the value of ey at t=¢,, and 7 is the 
slope of ew at ¢=#,. As was shown by Rice,’ both — and 7 are 
random variables. The variable (£, 7) is a joint random variable 





LOPE 7 


t t% + dt 














Fic. 4. Permissible range of random variables during a crossing. 


t The noise voltage ey(t) passing through the line of the slope 
—a is equivalent_to the signal plus the noise voltage passing 
through the value zero. 


with a certain continuous probability density function f(¢ »). 
Thus, (£, 7) is seen to be restricted to a certain region S; of the 
(€, ») plane. The probability of this occurrence is given by 


PSi)= ff Hen) didn. (A 
From Fig. 4, it is obvious that S; is described by the relation, 
hSh+(a—&)/(n+a)Sh+d (A2) 
or 
(e: —adt) —ndt Ste. (A3) 


The region 5S; is pictured in Fig. 5. 
Equation (A1) then becomes 


=o = =e1 
P(S;)= ; ia _,an J, nes —(o-tspag te DEE: (Ad) 


If dt is sufficiently small to make (a+-7)dt negligible except for all 
values of 7 such that the integral 


frase flé, nde 
i] 


& =e: —(a+n)dt 


does not differ appreciably from zero,f then one obtains 


P(S,)=atf (a+n) f(er, 0) dn. (AS) 


Next, an expression for f(£, 7) is needed. It has been derived by 
YY 


! 
SLOPE PT) 




















oc dt 
e, 
.¢) 
Fic. 5. Sketch of region Sy). 
Rice! and is given in the following equation: 
a ery 
.n) =>————, exp] —=|—_ +— J], (A6) 
flén ; Ta f 2\un1 = 22 
where yi: is the expected value’ of # and is given by 
wi=E(@)= fais), (Al) 
while - 
uss = Ely?) =4e2 f* PaW({). (A8) 


Note that — and 7 are independent, normally distributed random 
variables. 
Equation (A5) now becomes 


oe} 1 [ (2 *)| 
(S,) = — —-(|—+— }]dn. (A9) 
P(S; af (+) Gen) exp] —5 ote n 


Letting e; = at and evaluating the integral in Eq. (A9), one obtains 


- le) o-2)+-(S)| 
aa 2x _ 222 we boot 


at 
x exp( - &) (Al0) 








t This is not a severe restriction for types of f(£, 1) likely to be 
encountered in noise phenomena. 
* Reference 2, pp. 170-174. 
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The expected number C of crossings of the axis prior to time T is poe=pu/T 2, (A14) 

i 2 1 = 
cl) A-2 Dats reve ws 
Qn 222 oo2!/ J (2ap11) f.fows. (A16) 

= 2 : 

- Z T exp(— oe ) dt (All) Then one obtains 

rs oa C=[ (2x) Hye“? 4-7) (4); (A17) 
or if 
c-[(42)' exp(-;~)+4(-+) | (4 - (AN2) P(y) =[#'(y)/v]+ 2), (A18) 
a\2n! 2 pe M22 part : Bde , 
” then the final expression is obtained as follows: 
Now le 

(u11)*/a=r, (A13) C=I(y)®(¢). (A19) 
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Measurement of Velocity and Pressure of Gases in Rocket Flames 
by Spectroscopic Methods 


F. P. Bunny, H. M. Stronc, anv A. B. GrecG 
Research Laboratory, General Electric Company, Schenectady, New, York 


(Received April 12, 1951) 


A method for measuring the gas flow velocity in hot high velocity exhaust flames is described. This 
method is based on the doppler shift of wavelength of the sodium or lithium spectral radiation from the flame 
when viewed at different angles relative to the flame axis. The same apparatus may be used to measure the 
gas pressure from the pressure shift of wavelength of the sodium radiation. A Fabry-Perot interferometer 
and camera assembly was used to determine the small shift in wavelengths. It was concluded that the 
absolute accuracy of any one velocity measurement by this method is about +1.5X 10‘ cm/sec, while that of 
any one pressure measurement is about +0.3 atmosphere. The method is therefore applicable to flames 
of very high velocity and to pressures of at least a few atmospheres. 


I. INTRODUCTION 


HE usual way of determining the gas velocities 
in the exhaust flames from rocket motors on test 
stands is to measure the mass flow rate of the reactants 
and the thrust force, and from these deduce the gas 
velocity. In a liquid-fuel liquid-oxidizer combination 
of reactants this requires the measurement of three 
quantities, viz., the fuel rate, the oxidizer rate, and the 
thrust force. As each measurement has its characteristic 
probable error there is a possibility of the deduced 
velocity having a considerable error. In the case of solid 
fuel.motors an accurate measurement of the reactant 
flow rate is even more difficult. 

The present paper describes a method developed by 
the authors for measuring the exhaust gas velocity 
directly from the flame by observing the doppler shift 
of wavelength of the Na or Li line spectrum radiation 
emitted from the flame at different angles. This method 
involves no physical disturbance of the flame and is 
entirely independent of the mass flow rate and thrust 
force, and thus gives a completely separate measure- 
ment of the gas velocity which can be compared to 
that obtained from the conventional method. In prac- 
tice, the doppler shift method requires the use of very 
accurate optical equipment as well as considerable skill 
to operate it, and for this reason it is not proposed as a 
substitute for the routine method but rather as a special 
method to give an independent comparison value. 


The same spectroscopic apparatus was also capable 
of measuring the small shifts of wavelength of Na 
D-lines associated with changes in pressure in the flame 
gases. In these measurements it was necessary to view 
the flame perpendicularly to eliminate any doppler 
effect. Calibration of the pressure shift in flame gases 
was carried out in the laboratory by observing the shift 
in wavelength of the same spectral lines from flames 
of known pressures. This method was used to meas- 
ure the gas pressures at several places of interest in 
the flame. 

In addition to the velocity and pressure results, some 
spectroscopic phenomena of interest to physicists and 
astrophysicists were observed. One of the most unusual 
effects was the wavelength shift of the absorption 
relative to the emission in the sodium lines owing to the 
differences in velocity and temperature of the different 
radial zones of the flame in the line of sight. 


II. RESONANCE RADIATION FROM FLAMES 


As the shifts in wavelength dealt with in this study 
are in general smaller than the widths of the spectral 
lines themselves, and as the widths of resonance-type 
spectral lines are influenced by conditions in the flame, 
the subject of line width will be analyzed briefly to 
give a background for experimental methods of keeping 
the line width as small as possible. 

Any spectral line consists of a narrow band of wave- 
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Fic. 1. Intensity distribution in a spectral line. 


lengths in which the intensity drops off rapidly on 
both sides of the line center, as illustrated in Fig. 1. 
The wavelength interval between the line center and 
a half-intensity point is designated as W. The exact 
intensity contour of a resonance-type line depends upon 
the temperature and pressure of the flame gases, the 
physical thickness of the flame, and the concentration 
of the emitting element. 

In a very thin flame where self-absorption effects 
are negligible the line width is controlled by the doppler 
effect from the thermal motion of the emitting atoms, 
and by the disturbing effect of collisions of the emitting 
atoms with neighboring molecules and atoms. The 
magnitude of the “doppler width” is given by the 
expression, 

W aopp= 1.18(A/c)(RT/m)}, (1) 


where \ is the wavelength, c the velocity of light, R 
the universal gas constant, T the absolute (Kelvin) 
temperature, and m the atomic weight of the emitting 
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Fic. 2. Half-widths of sodium D-line for one atmosphere flame 
gas pressure and various temperatures. This is for very thin 
flames in which self-absorption effects are negligible. 
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atoms. The intensity contour stemming from this effec 
is “gaussian” in form, and when normalized to haye 
unity value at the line center may be expressed as the 
following “‘shape factor’’: 


Sfaopp = exp[ — (In2/ W*sopp)(Ad)* ], (2) 


where X is the wavelength interval measured from the 
center of the line. 

The magnitude of the “collision width” is given by 
the expression, 


W cou=(2d*/c) Nr’ p(am'RT)-}, (3) 


where JN is the number of atoms per mole, z is the effec. 
tive collision diameter of the emitting atom considered 
as a target for the flame gas molecules, p is the absolute 
pressure, and m’ is the reduced atomic mass of ap 
emitting atom and a flame gas molecule considered as 
a planetary pair. The shape factor associated with this 
collision effect is of the damped resonance type: 


Sfeou= (W*co1/W*eo1r+(Ar)”). (4) 


The extremities of this resonance-type contour are 
much higher than those of the gaussian-type, and for 
this reason the shape of the line changes with the 
temperature and pressure of the flame. In Fig. 2 the 
half-width of a sodium line caused by doppler and 
collision effects at one atmosphere absolute pressure 
is plotted against the absolute temperature. Also 
plotted is the half-width caused by these effects com- 
bined. It is interesting to note that above about 1600°K 
the half-width remains nearly constant. 

The line shapes discussed above apply only to very 
thin flames in which self-absorption effects are very 
small. For flames of greater optical depth the self- 
absorption effect causes further broadening and change 
of shape of the spectral line. This results from the 
interplay of emission and absorption of the resonance 
radiation by the optically active atoms. This type of 
line broadening is quite sensitive to the exact shape, 
sf (AX), of the basic line contours discussed above. It 
can be shown that the final intensity distribution ina 
resonance-type spectral line is given by the expression, 


I(Ad) = E,[1—exp(—2sf(Ad) J, (5) 


where E, is the emissive power of a blackbody at the 
flame temperature, and z is the “optical depth” of the 
flame at the wavelength of the center of the line 
(A\=0). The unit of “optical depth” as used here is 
defined as that depth of flame gas required to reduce 
by primary absorption the intensity of an incident 
beam of monochromatic light having the wavelength 
of the center of the resonance line to exp (—1) of its 
initial value. The optical depth is proportional to the 
number of optically active atoms in the line of sight. 

It has been determined experimentally that the 
optical depth per centimeter depth of flame is about 
(1.5 10-")n, where m is the number of sodium atoms 
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per cm, Thus 
2=1.5X10-"nL, (6) 


where L is the length of the optical path in the flame. 

When the collision-type shape factor predominates 
(high pressure, low temperature) the half-width of the 
intensity distribution given in Eq. (5) increases much 
more rapidly with the optical depth than it does when 
the thermal doppler-type shape factor predominates 
(low pressure, high temperature). This effect is illus- 
trated in Fig. 3 in which the half-width of a sodium D 
line is plotted against optical depth for flames at one 
atmosphere pressure and various temperatures. On this 
logarithmic plot the curves have a slope of very nearly 
one-half, which means that the line width increases 
about as the square root of the optical depth. It is 
obvious from this graph that the sodium vapor con- 
centration must be kept quite low if the sodium D lines 
are to be sharp and narrow. 

Another flame characteristic which can affect the 
shape and sharpness of the spectral lines of the resonance 
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Fic. 3. Half-width of sodium D-line for one atmosphere flame 
gas pressure and various temperatures plotted against optical 
depth of flame. 


type is the presence of zones of different temperatures. 
Consider, for example, a flame comprised of a hot core 
and relatively cool sheath as illustrated in Fig. 4. The 
intensity contours of a sodium D line emitted from 
such a flame for several different values of optical depth 
z are shown in Fig. 5. For measurement of small wave- 
length shifts the narrow line corresponding to z=} is 
far more satisfactory than the broader dimpled ones 
corresponding to greater optical depths. A second point 
of practical interest which shows up in Fig. 5 is that 
in spite of the 8 to 1 variation in sodium density the 
maximum intensity in any of the line contours is about 
the same. This means that the D-lines from a z=} 
flame can be photographed as readily as those from a 
2=8 flame in an optical instrument with enough re- 
solving power and dispersion to display the line con- 
tour. In a light path 10 cm long an optical depth of 
t=} corresponds to a sodium concentration of 3.310" 
atoms per cm*. This is an exceedingly low concentration, 
barely enough to give the flame a faint yellow color. 
In alcohol-oxygen burning rockets there is usually 
more than enough contamination sodium in the alcohol 
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Fic. 4. Flame with hot core and relatively cool sheath. 
fuel to give an optical depth of 4 in a flame 10 cm in 
diameter. 
Ill. INSTRUMENTATION 


The shifts in wavelength to be measured were all less 
than 0.1 Angstrom unit, and to measure them ac- 
curately a spectroscopic instrument of high dispersion 
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Fic. 5. Intensity distribution in a sodium D-line emitted from 
the flame illustrated in Fig. 4. 
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Fic. 6. Sectional drawing of the special Fabry-Perot inter- 
ferometer, and the interferometer camera system. 


and great resolving power was required. In addition, the 
instrument had to be small, compact, and capable of 
operating near a rocket test stand where the vibration 
conditions were quite severe. 

A sectional drawing of the interferometer is shown 
in Fig. 6(A). The essential parts were two very accurate 
optical flats* which were held apart by three invar steel 
spacing pins. These pins held the plates parallel to an 
accuracy of 0.01 wavelength of sodium light so that the 
interference conditions were the same regardless of the 
distribution of intensity of illumination over the aper- 
ture area. The two inner faces of the optical flats were 
aluminized to the extent that each surface transmitted 
about 10 percent of the light incident upon it. Such an 
arrangement of parallel, partially transmitting mirrors 
has the property of transmitting monochromatic light 
only at certain angles to its optic axis, and hence when 
a camera set to focus incident parallel light is placed on 
the exit side of the interferometer as shown in Fig. 
6(B) a pattern of concentric circular fringes is formed 
on the camera plate (Fig. 6(C)), each circular fringe 
representing a given order of interference. The diameters 
D of these fringes depend upon the wavelength of the 
light, the spacing d of the interferometer plates, and the 


* Made by the Perkin-Elmer Corporation, Glenbrook, Con- 
necticut, flat over the aperture area to an accu of 1/50 wave- 
length of sodium light, and the two adjacent reflecting surfaces 
in the interferometer parallel within 1/100 wavelength. 
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focal length F of the camera in the following way; 
D,2=4F*[(2d/nd)?—1], (1) 


where m is the order of interference of the fringe, Fo, 
the fringe of smallest diameter, is the next integer 
less than 2d/); for the second fringe, m2 is the second 
smaller integer, etc. If we let 


x= (2d/r)—n, (8) 


which is the absolute value of the difference of order of 
interference between a given fringe and the center of the 
pattern, it can be shown that to an accuracy better 
than 0.3 percent at 5° from the optic axis: 


DZ=(4F*d/d)x. (9) 


Thus, the difference of the squares of the diameters of 
two fringes x=p and x=q on a given interference 
pattern is simply 


D,?— D?= (4F*/d)(p—9). (10) 


This relationship makes it possible to determine the 
constant (4F*\)/d by merely measuring the diameters 
of two fringes on a given pattern. 

Except for a slight spreading effect caused by the 
lack of resolving power, the distribution of intensity 
across a given fringe in the radial direction is that of 
the so-called monochromatic spectral line of which the 
light is composed. Thus each fringe is a repetition of 
the spectral line. In case the spectral line width exceeds 
the wavelength interval corresponding to the spacing 
from one fringe to the next, the extremities of adjacent 
fringes overlap to give a continuous background of 
intensity. This effect decreases the sharpness and con- 
trast of the pattern and is another reason for attempting 
to keep the line width of the radiation from the flame 
as small as possible. 

As the sodium D line radiation consists of two 
spectral lines, 5890A and 5896A, there are, in general, 
two sets of fringes in the interference pattern. For plate 
spacings which are multiples of 0.02906 cm, the two 
sets of fringes coincide, thereby increasing the intensity 
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Fic. 7. Diagram of the optical setup at the rocket test stand. 
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of the fringes and improving the cleanness of the area 
between fringes. 

For constant plate spacing an increase of wavelength 
of the light 5\ causes each fringe in the pattern to 
shrink toward the center in such a way that the order 
of interference of each decreases by an amount 6x, 
which is equal to the change dm of the order of inter- 
ference = 2d/X at the center. Thus 


bu= bng= — (2d/d*) br. (11) 


The relation between the change of diameter of the 
fringes 5D and the change of wavelength is obtained by 
differentiating Eq. (9), 


2D8sD= (4F?d/d) 6x, 
and substituting for 6x the value in Eq. (11). One gets, 
(6\/A) = — (DbD/4F?). (12) 
By use of Eq. (10), this can be put in the form, 
NA=—{OVALO—9)/(Dz"—D,D DBD, (13) 


from which the fractional wavelength change can be 
determined from measurements of the diameters of the 
fringes on the two patterns being compared. It is im- 
portant to note that since the product DéD is the same 
for all fringes in the pattern the small diameter fringes 
near the center give the greatest change in diameter and 
thus a more accurate indication of the shift. In the 
measurements discussed in this paper the shifts were 
always less than one fringe width so it was necessary to 
photograph two separate interference patterns cor- 
responding to the two conditions giving the shift; then 
the fringe diameters of each pattern were measured, 
and from their differences and mean values the shift 
of wavelength was deduced, using Eq. (13) or its 
equivalent. 

The optical system used at the rocket test stand is 
illustrated in Fig. 7. The vibration conditions near the 
rocket flame were so severe that it was necessary to 
use a periscope tube to transmit the flame light to 
another place where the interferometer-camera system 
could operate satisfactorily when protected further by 





Fic. 8. Photograph of an oxygen-alcohol rocket flame. 
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Fic. 9. Diagram of a rocket flame showing preferred lines of 
sight for velocity measurement by the doppler shift method. 


a heavy, air-tight, steel housing box placed on shock 
mounts. The “2F” lens system of the periscope! was 
arranged to form a real image of the portion of the 
flame in the field of view on the window of the housing 
box where a mask could be placed to exclude all light 
except that which originated in the zone of interest in 
the flame. A swinging mirror assembly was placed at 
the flame end of the periscope so that the line of 
sight could be made to intersect the flame at any 
desired angle between the limiting upstream and down- 
stream angles at which there was danger of the flame 
burning the mirror frame. 

A filter was used in front of the interferometer to 
exclude as much as possible of all light except the 
spectral lines being used. For sodium D-line radiation 
both a Farrand interference-type filter and a Wratten 
E-22 filter were used on different occasions. The 
Wratten filter, in combination with 103-T Eastman 
plates, gave better exposure efficiency with adequate 
wavelength discrimination. The filter cut off the radia- 
tion on the short wavelength side, and the 103-T plate 
was insensitive on the long wavelength side. For lithium 
6707A light, combined Wratten E-22 and 33 filters 
were used with Eastman 103a-F spectroscopic plates. 
The camera was equipped with special plate holder 
and shutter mechanisms which could be operated 
quickly by remote control in order to get an upstream 
and a downstream exposure during one rocket motor 
test run. 


IV. MEASUREMENT OF GAS FLOW VELOCITY 


To determine the flow velocity of the gas in the 
rocket exhaust stream it was necessary to obtain two 
interference patterns, one using light emitted in an 
upstream direction, and another for light emitted in a 
downstream direction. On account of the complicated 
temperature and pressure structure of the flame it 
was necessary to select lines of sight through the 
flame which would not include the shock cones or thick 
regions of cool boundary layer. Figure 8 is photo- 
graph of a typical flame. Figure 9 is a diagram taken 
from the photograph which shows the zones more 
clearly. The region D is one of over-expansion, where 
the pressure is below atmospheric, the temperature and 
luminosity are relatively low, and the gas velocity is 


 F. P. Bundy and H. M. Strong, J. Opt. Soc. Am. 39, 393 (1949). 
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Fic. 10. Photograph of a pair of doppler interference patterns 
taken from sodium D-line radiation from a rocket flame. 


greater than that corresponding to expansion to atmos- 
pheric pressure. The region F is the shock cone, where 
the pressure and temperature are both quite high. In 
region C the temperature, pressure and velocity are 
about what they should be for expansion to atmospheric 
pressure. It is obvious that if the lines of sight passed 
through region F the results would be thrown in error 
by pressure shift of wavelength, and, in addition, the 
spectral line contour would be complicated by the 
passage of light through so many zones of different 
temperature. The two lines of sight shown in the 
drawing were selected as being best for freedom from 
strong pressure zones, for parallelism of flow to the 
flame axis, and for relative thinness of boundary layer. 

Using the geometry of Fig. 9, the doppler shift 
relationship is 


5\/A= (v/c)(cos@;—cosAe2), (14) 


where » is the velocity of the flame gas parallel to the 
flame axis, and c is the velocity of light. The gas 
velocity in this case is known to be of the order of 
210° cm/sec, while the velocity of light is 3X10” 
cm/sec, making the ratio »/c=(2/3)X10-*. The at- 
tainable experimental values of (cos#:—cos@2) are only 
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slightly greater than unity, and hence the ratio g 
6d/X is about 10~*. The mean value of ) for sodium jg 
5893A, which makes the value of 6\ to be measure 
about 0.06A. The wavelength interval between syp. 
cessive fringes for the interferometer set at d=0.2034 cm 
is 0.85A. Thus the doppler shift of the fringes to }, 
expected is less than one-tenth of a fringe spacing, Tp 
show that this is observed in practice a typical pair of 
interference patterns is shown in Fig. 10, and the 
densitometer traces taken across their diameters ap 
shown superposed in Fig. 11. 

To get a result accurate to +5 percent from such q 
small shift it is necessary that the interferometer. 
camera equipment be nearly perfect so that the inter. 
ference patterns themselves can be dependable. The 
necessity for having narrow spectral lines and hence 
narrow fringes can be readily appreciated from Fig, 11, 
One of the most important pieces of equipment re. 
quired is the recording densitometer for making the 
density traces, across the diameters of the fringe 
patterns. The machine used for this purpose must have 
almost perfect interlocking of motion between the 
scanning carriage bearing the photograph plate and the 
recorder paper on which the pattern is traced. The 
authors used a Leeds and Northrup Microdensitometer, 
Usually the 2-cm span on the diameter of a fringe 
pattern was expanded to about 50 cm on the densitom- 
eter tracing. The two densitometer tracings taken 
from a pair of interference patterns were then super. 
posed on an opal glass plate illuminated from below for 
measurement of the change in diameter of the fringes, 
Measurements on the three or four fringe circles 
nearest center were usually made. These gave three or 
four values of DéD which could be averaged. 

Most of the measurements were made using sodium 
D-line radiation, but on a few occasions the resonance 
radiation of lithium 6707A was used in order not to 
interfere with some sodium line reversal temperature 
measurements which were being made simultaneously 
and which required a much higher concentration of 
sodium in the flame than could be tolerated for the 
velocity measurement. 

The results of a series of twelve test runs are given 
in Table I in which the gas velocities determined by the 
doppler shift method are compared with those deduced 
from the mass flow rate and thrust data (specific 
impulse). The velocities given by the doppler shift 
method average about 6 percent higher than those from 
the other method. The variation in the amount of the 
difference is quite irregular and indicates that the 
accuracy of any one measurement by the doppler 
method is not better than +8 percent. 

When the distribution of the mass flow in the dif 
ferent zones of the flame is considered, it is seen that 
the two methods should not agree exactly. Referring 
again to Fig. 9, consider the line of sight at 6. The 
flame zones in the line of sight are, in the order of thei 
proximity to the mirror, the thin subsonic boundary 
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Fic.11. Densitometer traces across the diameters of the pair of doppler interference patterns shown in Fig. 10. (August 25, 1949.) 


layer E, the relatively cool faintly luminous supersonic 
zone H, the hot supersonic zone C, the relatively cool 
overexpanded faintly luminous supersonic zone D, then 
repeated sections of zones C, H, and E. Spectro- 
scopically, the two sections of zone C contribute the 
most light, zone D considerably less, and zones H and E 
very little. This is not representative of the mass 
flow because at least one-fourth of the mass flow is in 
zone H, less than half in zone C, and about one-third 
in zone D. On account of over-expansion the gas 
velocity in zone D may be as high as 2.6X 105 cm/sec, 
while owing to the cooling and friction by the walls of 
the combustion chamber and nozzle the gas in zone H 
has a velocity lower than average. Estimating the 
distribution of mass flow and luminosity in the dif- 
ferent zones as accurately as possible it is found that 
the spectroscopic doppler shift method should indicate 
a gas velocity about 2 percent to 6 percent higher 
than that from the specific impulse method. The ob- 
served average difference of 6 percent is in line with 
this, and it can be concluded that the two methods are 
in fair agreement. Neither method is capable of giving 
the detailed velocities at particular zones in the flame. 

As mentioned earlier in this paper there were observed 
during this study some interesting effects on the 
spectral line contours arising from difference of doppler 
shift in different zones of the flame. In Fig. 9 consider 
the line of sight corresponding to 62. The outer zones 
E and H are considerably cooler and less luminous 
than the zone C. The boundary layer zone E also has 
very low velocity. Consequently, the wavelength of 
maximum emission of zone C will be shifted toward the 
short wavelength side of the maximum of absorption 
of zone E. This causes the contour of the sodium lines 
to become unsymmetrical. Each fringe in the inter- 
ference pattern shown in Fig. 12 shows this clearly. By 


contrast, when the line of sight was perpendicular to 
the flame axis, so that there was no doppler shift, the 
line contour became symmetrical as shown by each 
fringe in the interference pattern presented in Fig. 13. 


V. MEASUREMENT OF GAS PRESSURE 


For the gas pressure measurements the swinging 
mirror assembly on the periscope tube was set to view 
the flame perpendicularly in order to eliminate any 
doppler shift in wavelength of the spectral lines. Light 
from the region of interest in the flame was allowed to 
pass into the interferometer-camera assembly through 
a properly shaped aperture in the mask placed on the 
window of the box housing the interferometer-camera 
assembly as described earlier. Again two separate inter- 
ference patterns had to be taken; one from flame light 
during a test run of the rocket motor, and a second one 
from the light of a standard sodium vapor lamp in- 
serted in the same position originally occupied by the 
flame. Comparison of these two interference patterns 
gives the wavelength difference between the sodium 


TABLE I. Gas velocities in rocket exhaust flame. 








Velocity (cm/sec) X10-5 





Nominal Specific % 
run No. Spectral line Doppler impulse Difference 
1 Sodium 5893A 1.96 2.07 —5.3 
2 Sodium 5893A 2.26 2.20 2.7 
3 Sodium 5893A 2.17 2.17 0.0 
4 Sodium 5893A 2.14 2.16 —0.9 
5 Sodium 5893A 2.34 2.18 7.3 
6 Sodium 5893A 2.28 2.16 5.5 
7 Lithium 6707A 2.26 2.11 va 
8 Lithium 6707A 2.31 2.10 10.0 
9 Sodium 5893A 2.30 2.29 0.4 
10 Sodium 5893A 2.35 2.19 7.3 
11 Sodium 5893A vB | 2.19 14.6 
12 Sodium 5893A 2.39 2.12 12.7 
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Fic. 12. Unsymmetrical dimpled sodium line intensity contours 
resulting from difference of velocity and temperature in the inner 
and outer zones of the flame. 


vapor lamp radiation (at practically zero gas pressure) 
and the sodium radiation from the flame. From the 
calibration curve for shift of wavelength with pressure 
shown in Fig. 14, the gas pressure in the line of sight 
in the flame was determined. 

No references to previous measurements of the 
pressure shift of wavelength of sodium D line radiation 
in flame gases could be found in the literature. A 
rather large number of measurements had been made 
for sodium in nonoxidizing gases such as hydrogen, 
nitrogen, and argon? by absorption processes at low 
temperatures rather than by emission processes at high 
temperatures. Margenau and Watson found shifts of 
0.068A, 0.060A, and 0.051A for A, Ne, and He gases, 
respectively, per atmosphere pressure at 273°K. These 
values correspond to 0.021A, 0.018A, and 0.016A per 
atmosphere at 2600°K. As the rocket flame gas (approxi- 
mately 56 percent H,O, 25 percent CO», 13 percent CO, 
5 percent Hz) is quite different from any of these it was 
necessary to set up a flame chamber in the laboratory 
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Fic. 13. Symmetrical dimpled sodium line intensity contours 
from light emitted perpendicular to zoned flame. 


*H. Margenau and W. W. Watson, Phys. Rev. 44, 92 (1933). 
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Fig. 14. Redward shift of wavelength of sodium D-line 
radiation with flame gas pressure. 


and burn a flame in it at various known pressures to 
determine the shift of wavelength of the sodium D 
radiation as a function of the absolute gas pressure. 

Figure 15 is a photograph of the apparatus which 
was used for this purpose. Oxygen and propane 
gases were burned together by a special blast lamp 
located in the center of the large horizontal cylindrical 
chamber so that the flame was in the line of sight of 
the windows in each end. The condensible products of 
combustion were liquefied in the water-cooled con- 
denser arm, while the remaining gases escaped through 
a relief valve which was set for the desired chamber 
pressure. Interference patterns were made using the 
sodium D radiation from the flame and compared with 
the patterns made at the same time with the same 
optical setup from the radiation of the standard sodium 
vapor lamp. The calibration curve obtained is shown in 
Fig. 14. The wavelength shift is proportional to the 
absolute pressure, as it should be according to theory, 
and has a magnitude of about 0.010A per atmosphere 
at 2600°K. 

The results of the pressure measurements made on the 
gases of the rocket flame are shown in Fig. 9. At zone 4, 
just outside the nozzle the pressure was about 25 








Fic. 15. Flame chamber apparatus used for determining 
pressure shift of Na D-lines in flame gases. 
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AIR CONDENSATION 


atmospheres (absolute). In zone D, which is a region 
of over expansion, the pressure is below atmospheric, 
roughly 0.5 to 0.8 atmosphere. This could not be 
determined very accurately because most of the radia- 
tion in the measurement came from zone C, and this 
had to be allowed for. In the front part of the shock 
cone the pressure was found to be about 2.5 to 2.8 
atmospheres. All these pressures are roughly consistent 
with those to be expected theoretically in a supersonic 
gas stream of this nature emerging from a diverging, 
underexpanding nozzle into the atmosphere at normal 
pressure. 


VI. DISCUSSION AND CONCLUSIONS 


This investigation has proved that it is possible to 
measure both velocity and pressure of the gases in 
rocket exhaust streams with fair accuracy by spectro- 
scopic methods which require no disturbance of the 
fame by mechanical probes or the introduction of 
foreign nongaseous matter in the flame. In the meas- 
urement of both velocity and pressure the values indi- 
cated are a kind of weighted average of the actual 
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values along the line of sight in the flame, if the flame 
is not homogeneous. The values for particular zones 
within the flame can only be estimated by considering 
the flame geometry along with the average value for 
the line of sight. As the methods require the presence 
of free sodium atoms they can be applied only to those 
gas streams which are hot enough to vaporize and 
decompose sodium compounds. 

The absolute accuracy of any one velocity measure- 
ment is no better than about +1.5X10* cm/sec, and 
hence there would be little point in trying to apply 
the method to gas streams having velocities less than 
10° cm/sec. Similarly, the accuracy of this method of 
pressure measurement is of the order of +0.3 atmos- 
phere, so that it is applicable only where relatively 
large pressure changes occur in the gas stream. 

The authors wish to express their appreciation to 
A. J. Nerad, Research Laboratory, who suggested the 
problem and provided constant encouragement, and 
to E. H. Hull and his associates at Malta Test Station 
for providing facilities for the experiments made at the 
Rocket Test Stands. 
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The NOL 12X12-cm hyperballistics wind tunnel No. 4, which operates in a Mach number range up to 
eleven, is briefly described. Experiments performed in this tunnel indicate that a fraction of the air condenses 
at or shortly after reaching the dew line for air condensation unless the supply air is preheated. The measured 
effects of air condensation on the flow at high Mach numbers for a variety of supply temperatures and pres- 
sures are given. It is found that of the flow parameters commonly measured in supersonic wind tunnels, only 
static-pressure and shock-angle measurements are sensitive to liquefaction effects. A simple thermodynamic 
analysis assuming a.reversible condensation process allows interpretation of some of the observations. 


1. INTRODUCTION 


NE of the problems in present-day research on 

hypervelocity missiles and projectiles is the de- 
velopment of an adequate hypersonic wind tunnel. 
(The word “hypersonic” is used here to describe flows 
at Mach numbers higher than about five.) It is under- 
stood that the mean free path in the flow is negligibly 
small with respect to the boundary-layer thickness on 
a body. To insure the latter condition for expansions 
to high Mach numbers, hypersonic tunnels must oper- 
ate at high supply pressures. Then a rough calculation 
shows that such expansions of dry air beginning at high 
initial pressure and room temperature lead to pressures 
and temperatures at high Mach numbers which lie in 
the coexistence region of air. High wind-tunnel supply 
temperatures would keep the air above its dew line. 





*Members of Hyperballistics Subdivision III, Aeroballistic 
Research Department. 


On the other hand, from experimental investigations of 
steam and of moist air expansions below the dew point 
for water vapor, it was known that the water vapor 
supersaturates before condensing. Discussions among 
workers in the field during recent years centered about 
the applicability of the steam or water vapor experience 
to the air case. 

In order to investigate this and other basic physical 
problems of high Mach number flow, the Naval Ord- 
nance Laboratory 12X12-cm Hyperballistics Tunnel 
No. 4 was designed and built. Shakedown operations 
began in May, 1950; and this paper represents some of 
the work done to date on the air condensation problem. 


2. BRIEF DESCRIPTION OF THE NOL 12 X 12-cm 
HYPERBALLISTICS TUNNEL 
Figure 1 shows a schematic diagram of the wind 
tunnel and its auxiliary equipment. Filtered and dried 
air is stored in tanks at 3000-psi pressure. This air sup- 
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Fic. 1. Schematic of NOL hyperballistics tunnel No. 4. 


plies the tunnel via pressure reducing valves which hold 
the pressure in the settling tank constant during the 
run. The settling tank contains an 80-kw electric heater. 
Electronic and mechanical controls hold the air tem- 
perature constant at a desired value during the run. 
So far, supply pressures (po) up to 8 atmos and supply 
temperatures (7) up to 300°C have been used. After 
passing through the vertical working section, the air 
enters vacuum pumps via a 2000-m* vacuum sphere. 
Since air supply and vacuum capacity exceed the de- 
mand, the tunnel operates continuously. 

For the purpose of investigating the physical proper- 
ties of the flow under a wide variety of conditions, 
a slender wedge-type nozzle with a 12X12-cm exit 
area was employed. The potential-flow Mach number, 
obtained theoretically from the ratio of exit area to 
throat of this nozzle, will be referred to as M,, the 
Mach-number setting. The useful M,-range is from 
4 to 11. The experimental Mach number in the nozzle is 
always slightly lower than M, owing to the presence of 
the boundary layer. Preheating the air above room 
temperature causes the nozzle surfaces to become warm. 
As a consequence the throat gradually closes in the 
course of a “hot” run. The resulting change of M, 
during a sequence of readings was noted and will be 
indicated in some of the figures which follow. 


3. SURVEY OF THE AIR CONDENSATION PROBLEM 


It is known that the expansion of air in a wind tunnel 
follows a perfect-gas isentrope up to the pressure and 
temperature of condensation. For given supply condi- 
tions (denoted by subscript 0) the intersection of the 
isentrope and the dew line in a p-v diagram can be 
identified with a Mach number M,, called the Mach 
number of equilibrium condensation. For example, 
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if po= 1 atmos and 7)= 15°C, then from the appropriate 
isentrope and the dew line one obtains roughly th. 
value M,=4.8. A study of the isentrope and dew ling 
p—T diagram shows that M, can be increased by mean 
of decreasing pp or increasing J. High supply pressure 
are mandatory at high Mach numbers in order to maip. 
tain a sufficiently large density in the test section » 
that slip-flow effects do not occur. Therefore, only 
increasing 7, is a feasible means of increasing M. 
But high values of 7 are needed to attain high valyg 
of M.; for example, to obtain M.=10 with po=1y 
atmos, 7» must be about 800°C. 

There was some expectation during the last year 
that the air would undergo large supersaturation in the 
wind-tunnel expansion. This seemed to be verified by 
tests performed with a small wind tunnel at Princeton! 
Moreover, the experience with water-vapor expansions 
pointed to this conclusion. It was known that wate 
vapor, expanding as steam in turbine nozzles, or ey. 
panding together with air in supersonic wind tunnels, 
followed a “‘dry isentrope” well beyond saturation, 
When condensation of water vapor occurs in supersonic 
wind tunnels, it is a sudden process which gives rise tog 
so-called condensation shock. In tests performed at this 
Laboratory with a 2.5X2.5-cm wind tunnel, water 
vapor (in air) was found to undergo a dry isentropic 
expansion 80 to 100 degrees Kelvin beyond its dey 
point.? 

It was also known that water vapor supersaturated 
when expanded quickly in cloud chambers. Some 
results of Cwilong® are of particular interest in this 
respect. He found that if moist air, from which foreign 
nuclei were removed by filtering, was expanded rapidly 
in a cloud chamber below 150°K, condensation could 
not be observed. Head‘ found the same phenomenon in 
a supersonic wind tunnel. However, two of the author, 
using a sensitive photomultiplier tube for detecting 
light scattering, found that if moist air was expanded 
very quickly in a shock tube and observed after a 4-mill- 
second period in which it remained at about 130°K, it 
definitely contained droplets or crystals.® 

A successful theoretical treatment of the water- 
vapor condensation shocks in nozzle flow was given by 
Oswatitsch,® using the condensation theory of Becker, 
Doering, and Volmer.’? This theory treats the equ: 
librium condensation of a vapor in which foreign nude 
are absent. Calculations for air condensation, using 
this same theory, predict a considerable degree 
supersaturation in the wind-tunnel expansion. 

These expectations of large air supersaturations wert 
not fulfilled in our tests. Rather, our results agree with 

1S. M. Bogdonoff and L. Lees, Department of Aeronautica 
Engineering, Princeton University Report No. 146 (1949). 

2 P. Wegener, Phys. Rev. 76, 6 (1949). 

3B. M. Cwilong, Proc. Roy. Soc. (London) A190, 137 (194%). 

4R. Head, GALCIT Dissertation (1949). 


’ P. Wegener and G. Lundquist, J. Appl. Phys. 22, 2 (1951). 
6K. Oswatitsch, Jahrb. Deutsch. Luftf. Forsch. (1941). 


™M. Volmer, Kinetik der Phasenbildung (Steinkopff, Dresdes, 


1939). 
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AIR CONDENSATION 


the data found at the NACA Langley Aeronautical 
Laboratory by C. H. McLellan, which indicate that air 
condensation occurs at or shortly after reaching the 
calculated dew line.* Our results at low temperatures 

also with those found with the California Institute 
of Technology hypersonic tunnel by Nagamatsu and 
his group.” . ' ’ 

A plausible explanation of this absence of consider- 
able air supersaturation, as would be expected according 
to the theory of Becker, et al., is that foreign nuclei 
which are larger than the critical size? are present. An 
earlier condensation of a small fraction of the CO: or of 
the small amount of unavoidable water vapor (here 
about 2 parts or less in 100,000 by weight) present in 
the wind-tunnel air would supply a sufficient quantity 
of such nuclei. 


4. NOL AIR CONDENSATION RESULTS 


Tests were performed in the M, range from 6 to 9, 
and all the measurements showed a consistent behavior. 
For this reason an account of results for only one repre- 
sentative Mach number (M,=7.6) is presented in this 
report. Measurements shown will be of static pressure, 
pitot pressure, and shock-wave angles. 

(Light-scattering experiments show the presence of 
droplets or crystals in the test section at low supply 
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Fic. 2. Static pressure measurements on the nozzle wall 
center line at M,=7.6. 
*J. T. Becker, J. Appl. Phys. 21, 7 (1950). 
’H. J. Nagamatsu, Phys. Rev. 79, 546(T) (1950). 
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Fic. 3. Static pressure measurement at nozzle exit as a 
function of supply temperature at M,=7.6. 


temperatures and high Mach numbers. The light scat- 
tering disappears if the incident light beam is moved into 
the boundary layer or behind strong shock waves. The 
scattered light also disappears if the air is preheated. 
Since qualitative and quantitative evaluation of such 
data is difficult, the measurements will not be ex- 
hibited.) 

(a) Static pressure measurements were made along the 
center line of the nozzle walls. Results for M,=7.6 
are shown in Fig. 2. The open circles were obtained with 
T, about room temperature, called a cold run, and the 
solid circles with Ty) raised so that M,=M,, called a 
hot run. The static pressures expected for a nonviscous 
isentropic expansion of a perfect gas are shown as 
dotted curves on each figure. Figure 2 exhibits two such 
potential-flow curves, the one for M,=7.6 corresponding 
to a cold throat, the other for the hot throat. The hot- 
throat, potential-flow curve refers to measurements 
made at the end of the run (called “‘later potential flow’’) 
and corresponds to M,=7.9. In this case, the data tak- 
ing began at the nozzle exit and proceeded towards the 
throat. The difference between the hot-run dimension- 
less static pressure and that of the potential flow may 
be attributed in large part to the boundary layer which 
reduces the effective area. The difference between the 
cold-run and hot-run pressure values began to show up 
shortly after the predicted saturation point of the air 
and was taken as evidence for the presence of condensa- 
tion. Figure 3 shows data on the dimensionless static 
pressure, measured at the nozzle end as function of 
supply temperature To, for M,=7.6. Between the ex- 
treme T> values, the static pressure changes by a factor 
of two. The pressure data in Fig. 3 are measurements 
made at the nozzle wall or on the nozzle center line, 
with silicone oil, butyl phthalate, or McLeod manom- 
eters, for runs during which T) increased and for runs 
during which T> decreased. 

(b) Shadowgraphs obtained when a 40° and 80° cone- 
cylinder body and a sphere are placed in the test sec- 
tion at M,=7.6, with 7) approximately 270°C, are 
shown in Figs. 4, 5,” and 6. Since no condensation is 
present at this TJ», the actual Mach number is 7.2 for 
these three pictures. The evaluation of the shock 
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Fics. 4-6. Shadowgraphs (reading from left to right) of 40° 
cone-cylinder, 80° cone-cylinder, and sphere at M=7.2 (po=7.1 
atmos, T»=270°C). 


angles on the two cones by independent observers for 
three values of 7» is shown in Fig. 7. The shock angle on 
the 40° cone decreased as Ty increased. The shock angle 
on the 80° cone, and also for all strong or near-normal 
shocks we observed, showed no systematic variation 
with changing 7». (The M-scales in Fig. 7 do not take 
the boundary layer on the cones into account. There- 
fore, the Mach number from shock angle even at high 
T» is lower than the actual flow Mach number.) 

(c) Figure 8 shows the dimensionless Pitot pressure 
(po’'/po) measured at the center of the nozzle exit as a 
function of supply temperature 7». Evidently po'/o 
is rather insensitive to changes in T» throughout the 75 
range where condensation effects may be expected. 

Isentropic flow tables can be used formally for the 
conversion of pressure measurements into values of 
Mach number. This procedure, which ignores condensa- 
tion effects, gives the results shown in Fig. 9 in which 
the nozzle exit data for M,=7.6 were used. From Fig. 9 
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Fic. 7. Shock angle on 40° and 80° cone-cylinder at M,=7.6 asa 
function of supply temperature. 
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it can be inferred that these formal Mach numbers 
agree with one another for supply temperatures T, 
less than the value 7o., for which M.=M,,. If this 
agreement in Mach number can be taken as a Criterion 
for the establishment of nearly-perfect-gas isentropic 
flow conditions, it suggests that lower supply tempera. 
tures than TJ, may be sufficient for many testing pyr. 
poses in our tunnel. In view of the technical difficulties 
entailed in achieving high values of To, this conclusion 
may be of practical importance. At present three ey. 
planations may be advanced for this apparent saving 
in supply temperature: (i) Since the dew line (Fig, 9) 
is determined from extrapolated data, its location js 
uncertain. Therefore, a definite minimum supply 
temperature to avoid condensation is yet unknown, 
(ii) A small amount of liquefied air may go undetected 
owing to the inaccuracy of static pressure and pitot- 
pressure measurements, from which M is determined. 
(See scatter of measurements in Figs. 3 and 8.) (jij) 
Finally, it is probable that some supersaturation occurs 
in the initial stages of the expansion. The exact location 
of deviation of the hot-run and cold-run expansions (Fig, 
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Fic. 8. Pitot pressure measurement at nozzle exit as a 
function of supply temperature at M,=7.6. 


2) is hard to determine experimentally. Light-scattering 
experiments by Stever!® appear to indicate some super- 
saturation. He observed the onset of light scattering 
downstream of the theoretically predicted saturation 
point but not at it. It is to be expected further that air 
with different amounts of impurities might reach dif- 
ferent degrees of supersaturation. In fact, there is no 
reason to believe that “‘pure” nitrogen expansions would 
not show supersaturations comparable to those observed 
for water vapor. Achieving such purity on a technical 
scale, however, is a different matter. 


5. THERMODYNAMICS OF CONDENSATION 


The experimental data suggest a simplified model of 
the condensation process, neglecting supersaturation, 
in which it is supposed that all processes, except those 
involving shocks, are reversible." Figures 10 and 11 show 
features of an isentropic expansion of a single compo 
nent substance which ends in the coexistence region 


10H. G. Stever and K. C. Rathbun, Final Report NACA 
Contract NAW 5713, M.I.T., Aer. Eng. Dept. (1950). 

1A. Stodola, Steam and Gas Turbines (McGraw-Hill Book 
Company, Inc., New York, 1927). 
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AIR CONDENSATION 


(shaded). Figure 10 shows a schematic p-v diagram. 
One expansion, ODE, proceeds as a perfect-gas isen- 
trope from conditions at point 0 to the dew-point line 
CC’, thence as the isentropic expansion of a saturated 
vapor and its coexistent condensed phase to the end 

int E. The other expansion, ODE’, follows the con- 
tinuation of the perfect gas isentrope, as it might take 
place if supersaturation occurs, to the end point E’. 
The fraction of mass condensed g at the point along 
ODE is given by the ratio of lengths JB’/ BB’ along the 
isotherm BB’. As long as the expansion begins at vol- 
umes (specific) much larger than the critical volume, 
we see from Fig. 10 that g, although continuously in- 
creasing, will always remain small. Pressure and tem- 
perature along the saturated isentrope DE must con- 
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Fic. 9. Mach number evaluated with isentropic flow tables 
at M,=7.6 as a function of supply temperature. 


tinually decrease because the isentrope through a point 
must always be steeper than the isotherm through the 
same point. 

An increase in temperature of the starting point 0 
accomplishes a displacement of the curve ODE to the 
right in Fig. 10 and moves the points E, E’, and D 
hearer one another. For the starting temperature To, at 
which E, E’, and D coincide and for starting tempera- 
tures > 7)., no condensation is expected. 

The schematic Fig. 11 shows slopes (0p/dp), taken 
along the curve ODE in Fig. 10 (full line), and along 
ODE’ (dotted line beyond D). At the point D, (8p/dp), 
falls sharply ; and as the expansion proceeds, the curves 


"F. Bosnjakovic, Technische Thermodynamik I (Theodor 
Steinkopff Verlag., Leipzig, 1944). 
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Fic. 10. Schematic pressure-volume diagram. 


DE and DE’ in Fig. 11 can intersect. If sound speed, 
after condensation sets in, is given by 


oo (dp/dp),', (1) 


the curve ODE, Fig. 11, represents a plot of a? versus 
volume. 

Knowing the location of the point D, we can calculate 
the mass fraction condensed, g, by the following pro- 
cedure. The vapor alone is supposed to be a perfect 
gas so that 


p=pRT, (2) 


where p, is the vapor density and R the gas constant 
per unit mass of the vapor. For the average over-all 
density p we have 


1/p=((1—g)/pol+g/pe, 


where p, is the density of the condensed phase and can 
be considered to be very large compared with py. 
Hence, we have p(1—g)=p, and Eq. (2) becomes 


p= p(1—g)RT. (3) 


The temperature is determined by the pressure alone 
according to the vapor-pressure equation, 





T= ¢(). (4) 
° 
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Fic. 11. Slopes of isentropes from schematic p-v diagram. 
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Fic. 12. Condensed mass fraction computed from 
measurements at M,=7.6. 


For an isentropic expansion, in the coexistence region 
the (constant) entropy S (per unit mass) can be 
written 


S=S,—gL/T, (5) 


where S,=entropy unit mass of the saturated vapor, 
g=mass condensed/total mass, L= latent heat, a func- 
tion of temperature. If the value of S is known, g can 
be calculated from Eqs. (4) and (5). S is known if the 
point D can be fixed which depends on the starting 
point 0 and on the location of the dew line CC’. 

In order to relate the thermodynamical quantities to 
flow quantities, we assume that the expansion in the 
tunnel is isentropic. Then the static-pressure data are 
that of an expansion similar to ODE in Fig. 10. Knowing 
p as function of length x along the nozzle center line, 
measured from the throat, we can find g and p from 
Eqs. (5) and (3). The sound speed, a, is evaluated as a 
function of x from a plot of measured p versus computed 
p. If the value of average mass flow speed v is known at 
point x, the speed at other points can be found by 
integrating the equation of motion. One finds 


z 4 
o(a)=|[o(ni) 2 f Clap/as)/ois} 6) 


Finally, Mach number, 
M=v2/a, (7) 


can be found for each point along the nozzle. 
Knowing p and 2, we can compute the cross-sectional 
area A by use of the continuity equation, 


pvA =const. (8) 


Conversely, were A known as a function of x and not 
of p, all necessary information could be obtained. The 
enthalpy per unit mass / is given by 


h=h,—gL=Cp,T—gL, (9) 


where h, is the enthalpy of the vapor phase, Cp, the 
(assumed constant) specific heat of the vapor, and L 
the latent heat of vaporization. With decreasing 7, 
the vapor condenses, first forming a liquid, then a 
solid phase. ZL may be expected to remain nearly con- 
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stant at the low temperatures of interest here, except 
for phase changes. 

If vapor and the condensate have the same floy 
speed, the energy equation is 


vdv+dh=0. (10) 


6. APPLICATION OF THERMODYNAMICS OF 
CONDENSATION TO EXPERIMENTAL DATA 


We can now make some simple numerical estimates 
of quantities of interest. It is first found by use of 
Eqs. (6), (8), and the experimental static-pressure data 
that the ratio v/a) of mass-average flow speed » tg 
sound speed at supply conditions, ao, is constant to 
within a few percent for the range of To value of ou 
experiments. This fact implies that the ratio h/hy of } 
to enthalpy Mo under starting conditions is also nearly 
constant in the same range of 7». It implies also that 
the ratio p/po at any point x has values for different 
starting temperatures which are inversely proportional 
to the respective cross-sectional areas. 

To go further, the fact that air is not a single-com- 
ponent substance must be taken into consideration, 
One can, of course, make rough estimates by neglecting 
this complication and calculate with extrapolated 
equations which fit available experimental data on 
vapor pressure and latent heat of air. Most of the 
numerical results reported here were obtained by essen- 
tially this method and are, therefore, subject to its 
inaccuracies. Another procedure was tried in which 
available vapor pressure data for nitrogen and oxygen" 
were used with ideal mixture theory to calculate the dew 
line for air. The principal difficulty with this procedure 
is that condensed air is expected to solidify somewhere 
in the region of temperatures and pressures of interest 
to us. The frost line for air can be estimated only 
roughly; its precise location awaits experimental 
determination. One can say, however, that if the frost 
line is reached in an expansion, this means that M, 
calculated by extrapolating equations based on liquid 
data will be somewhat too small. 

The condensed mass-fraction g was computed by two 
methods with fairly consistent results. In the first 
method, the area ratio obtained from the measured 
pressures for hot-run expansions, which were assumed 
isentropic, were used as first approximation for area 
ratios for the cold expansion. The values of p/po to this 
approximation are independent of Jo. Results for g 
found this way are shown in Fig. 12. The other more 
direct method was to use Eq. (5) with the static pressure 
and the extrapolated vapor pressures. The values of g 
obtained in this direct manner turned out to be fairly 
close to those in Fig. 12. By use of this second method, 
A can be calculated with an accuracy depending again 
on the accuracy of the vapor-pressure data. The con- 


13 B. F. Dodge, and A. K. Dunbar, J. Am. Chem. Soc. 49, 591 
(1927). 

4 The NBS/NACA Tables of Thermal Properties of Gases (U.S. 
Government Printing Office, 1950). 
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AIR CONDENSATION 


sistency of these values of A was compared with that 
obtained from the hot-run isentrope. The agreement of 
these two values of A was rather poor. Consequently, 
agreement of densities, computed by use of the first 
method with those found using the second method, 
was equally poor. Graphs of measured pressure p 
versus calculated p were drawn, and their slopes evalu- 
ated as function of x. According to our assumption, 
these slopes give 
(0p/dp).= a’; 


hence, a Mach number can be evaluated as a function 
of x. The values of M thus obtained are exhibited in 
Fig. 13 together with the Mach number obtained for- 
mally from isentropic-flow tables by use of the same 
pressure measurements for the cold run. The hot-run 
results, where no condensation is expected in the nozzle, 
are also shown. Of the formally obtained Mach numbers, 
only the hot-run one is reliable. The variations of the 
calculated M reflect the uncertainty of the calculation. 
It is clear, nevertheless, that the calculated Mach 
number exceeds the others in the early stages of con- 
densation, where the sound speed a falls sharply (see 
Fig. 11). 

The data in Figs. 8 and 9 indicate that Pitot pressure 
is insensitive to liquefaction effects. 

The change in entropy of a perfect gas from the 
stagnation conditions ahead of the Pitot tube (0, To) 
to the conditions in the tube (po’, To), is 


AS=—R In(p0'/po). 


The Pitot pressure fo’, measured as a function of T» 
with constant po, will register changes in AS which can 
be called the “net irreversibility.” As long as we deal 
with a perfect gas under the initial and final conditions 
regardless of condensation in the course of the process, 


‘ AS is given by the same formula. The results shown in 


Fig. 3 then can be interpreted to mean that there is 
no marked change in “‘net irreversibility” due to con- 
densation. On retention of the assumption that the 
condensation is reversible, AS would be due altogether 
to the processes occurring in the shock in front of the 
Pitot tube. The presence of condensation could then 
alter AS only by contributing via its irreversible evapo- 
ration in the shock.‘ 


7. SUMMARY 


The experimental results indicate that within the 
range of our tests the effects of air liquefaction are the 
following : 

(1) At or shortly after reaching saturation tempera- 
ture and pressure in the nozzle, the static pressure 
deviates from that expected of perfect gas behavior. 

(2) Different methods of determining Mach number 
from experimental data yield the same value of Mach 
number for supply temperatures below that tempera- 
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ture for which no condensation is predicted in the 
nozzle. 

(3) Static-pressure measurements and shock-angle 
measurements on slender bodies are sensitive to con- 
densation in the flow. Pitot-pressure measurements 
are not sensitive to condensation. 

By use of theory with these results, it is found that: 

(4) Within the accuracy of the experiments and 
available thermodynamic data for air, the deviation of 
the measured static pressure from the pressure calcu- 
lated from perfect-gas behavior is as expected for an 
isentropic expansion of a saturated vapor and its co- 
existent condensed phase. 

(5) The quantity condensed at the nozzle end is 
never more than a small fraction of the total mass. 

(6) The ratio of (mass-average) flow speed to supply 
sound speed is changed by at most a few percent, due 
to liquefaction. Also, if the condensation occurs re- 
versibly, the ratio of (mass-average) enthalpy to supply 
enthalpy is changed only a few percent by liquefaction. 

(7) After condensation commences, the temperature 
of the flow does not decrease as in the condensation 
free flow. 

(8) The ratio of Pitot pressure to supply pressure, 
as a measure of “‘net irreversibility” is insensitive to a 
reversible condensation process. 

(9) If liquefaction is present in a nozzle, use of isen- 
tropic flow tables with experimental data gives in- 
correct values of Mach number. 
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On a Theorem of Brouwer 
H. F. Martuis 


University of Oklahoma, Norman, Oklahoma 
(Received May 28, 1951) 


ROUWER! has proved that it is impossible to find a vector 

function A which is defined on the bounding surface S of a 
finite 3-dimensional simply connected region with the property 
that (a) A is continuous everywhere on S, (b) A is everywhere 
tangent to S, and (c) 0<|A|< © everywhere on S. 

Some interesting applications can be made of this theorem 
immediately. It follows that in any 3-dimensional flow of fluid 
around a simply connected solid there must be at least one stagna- 
tion point on the surface of the solid. Mathis? has used this theorem 
to prove that an isotropic antenna for electromagnetic radiation 
or reception is impossible. 

A simple corollary is that it is impossible to find continuous 
functions f(x, y,z), g(x, y, 2), and h(x, y,z) such that zf+yg+zh 
=0 and 0<f*+2+/?< @ for all values of x, y, and z in the region 
x*-+-*-+-2?< k, where k>0O. Consider the de circuit shown in Fig. 1. 
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Since 1,Ri+/2R2+1;R;=0, it is impossible to define Ri, Re, R:, 
Ea, Ex, and Eg as continuous functions of J;, 2, and J; with 
0<Ri+R:+R:< © for all values of 1:1, J2, and J; in the region 
I?+I2+12<k. 

1L. E. J. Brouwer, Proc. Roy. Acad. (Amsterdam) 11, 850-858 (1909), 
(English edition) or ibid., 896-904 (Dutch edition). 


2H. F. Mathis, “A short proof that an isotropic antenna is impossible,” 
to appear in the Proc. Inst. Radio Engrs. 





Internal Friction of Cold-Worked 
Single Crystals of Copper 


RyvuKiT! ROBERT HASIGUTI AND TADAMASA HIRAI 


Department of Metallurgy, Faculty of Engineering, 
University of Tokyo, Tokyo, Japan 
(Received April 25, 1951) 


T has been suggested by J. S. Koehler and T. H. Blewitt' that 

the nature of work-hardening of metal crystals would change 

at small strains, say, in the range from 1 percent to 20 percent. 

Another evidence for this change could be found in the internal 
friction versus degree of cold-working curves. 

We measured the internal friction of single crystals of copper 
as a function of degree of cold-working, and compared these 
measurements with stress-strain curves. Specimens of single 
crystals were made from electrolytic copper by Bridgman’s 
method. The measurements of internal friction were performed by 
a modified Zener* apparatus which has as a detector a condenser 
formed between a plate and a flat end of the rod specimen vibrat- 
ing longitudinally. The frequencies of vibration used were from 20 
to 100 kilocycles per second. 

The results are shown in Fig. 1. The degree of cold-working is 
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expressed in terms of resolved shear strain calculated in the slip 
direction in the slip plane. The internal friction of crystals ap. 
nealed at 800°C for two days was from 2X10 to 2x10~, 
increases rapidly with increasing degree of cold-working, 
respective maxima at the shear strains between 0.05 and 0) 
which correspond to the elongations of 1 to 10 percent. Thes 
maximum values of internal friction spread between 3X 107 and 
10 according to individual specimens. After the maxima jt 
decreases rapidly as the strain increases, until it comes to 4 
fairly constant value, which is well below the maxima, but above 
the initial values. No relation has been found until now between 
the formation of maxima and the directions of crystals with 
respect to specimen axes. It was confirmed that the occurrence 
of double slip has nothing to do with these maxima. 

Although the amount of resolved shear strain, at which the 
maximum of internal friction occurs, differs in each specimen, it 
is always within a narrow range of strain, where the tangent of 
stress-strain curve increases considerably, as is seen in Fig. 2 
In other words, the internal friction begins to decrease when the 
rate of hardening begins to increase. 

The internal friction decreases considerably when the specimen 
is left at room temperatures and almost resumes its original low 
value when the crystal is annealed at comparatively low ten- 
peratures, say below 150°C, where no recrystallization takes 
place. And this is true, whatever the degree of cold-working 
before annealing may be. 
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LETTERS TO THE EDITOR 


A. W. Lawson* measured the internal friction of polycrystalline 
copper as & function of applied stress, and got similar maxima of 
internal friction. He interpreted the initial increase of internal 
friction as due to the formation of dislocations which dissipate 
the energy of vibration, and the following decrease of internal 
friction as due to the locking of dislocations. In addition to 
Lawson’s suggestion, we should like to suggest the following 
picture of the behavior of dislocations in connection with our 
experimental results. The decrease of internal friction at higher 
strains might be interpreted as due to the gradual increase of the 
degree of locking of all dislocations. This, however, may not be 
the case. As the deformation proceeds, most of the dislocations 
together with newly formed ones will be locked so as not to con- 
tribute to the internal friction any more, while some of them will 
still remain relatively free to move to contribute to the internal 
friction. The decrease of internal friction at higher strain should 
be accounted for as due to the decrease of the number of these 
free dislocations. These relatively free dislocations may easily 
disappear at low annealing temperatures, but the locked ones 
may not, in accordance with our experimental results that the 
internal friction of cold-worked crystals almost resume their 
original low values at low annealing temperatures, while the hard- 
ness of crystals is kept essentially constant. An alternative picture 
could be proposed for the decrease of internal friction at low 
annealing temperatures. The dislocations, which we referred to 
as “relatively free dislocations,” might form on annealing a more 
stable array, something like the one postulated in the dislocation 
theory of polygonization.‘ Finally, it may be concluded from our 
results that the increase of relatively free dislocations takes 
place in the first stage of stress-strain curve, where work-hardening 
is very little, and that the locking of dislocations predominates in 
the second stage of stress-strain curve, where the hardening of 
crystals is considerable. 


1J. S. Koehler and T. H. Blewitt, Phys. Rev. 75, 1952 (1949). 

?C. Zener, Proc. Phys. Soc. (London) 52, 152 (1940); Randall, Rose, 
and Zener, Phys. Rev. 56, 343 (1939). 

+A, W. Lawson, Phys. Rev. 60, 15 (1941). 

4R. W. Cahn, J. Inst. Metals 76, 121 (1949). 





Volume-Temperature Relationships for the 
Room Temperature Transition in Teflon 
Frep A. QuINN, JR., DonALD E. ROBERTS, AND R. N. Work 


National Bureau of Standards, Washington, D. C. 
(Received May 4, 1951) 


7 eer relationships have been ob- 
served on a sample of Teflon (polytetrafluoroethylene) over 
the temperature range —35°C to +130°C. The purpose of this 
work was to investigate the room temperature transition in 
Teflon and determine thermal expansivities above and below this 
transition. The room temperature transition has been reported 
by Rigby and Bunn! and was discovered independently by Weir? 
in early 1949 using an interferometric dilatometer in the course of 
acontinuing program of volume-temperature studies of transitions 
in high polymers. Rigby and Bunn! conclude from x-ray studies 
that the transition is associated with a change in crystal structure. 
Melting of the crystals has been reported to occur near 325°C.34 

Specific volume is plotted against temperature in Fig. 1. The 
Values were obtained by means of a volume dilatometer using 
techniques described by Bekkedahl.’ Mercury was used as the 
confining liquid. The specimen was cylindrical, about 20 mm in 
diameter, 45 mm in length, and weighed about 25 grams. The 
density, determined by hydrostatic weighing, was found to be 
2.218 g/cm’ at 25°C. Rigby and Bunn found that the densities of 
different samples of Teflon differed by as much as 2 percent. 
Points were obtained from —35°C to + 130°C upon increasing the 
temperature of the specimen at the uniform rate of one degree 
in five minutes, and from +40°C down to 0°C upon decreasing 
temperature at the same rate. 
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Fic. 1. Specific volume vs temperature for Teflon. 


It will be observed that the room temperature transition is a 
double transition. The low temperature portion, which accounts 
for 85 percent of the volume change in the transition, is centered 
around +20°C, while the high temperature portion is centered 
around +30°C. The double nature of this transition has not been 
reported previously. The slope of the straight portion of the curve 
above the transition region is 1.37 10~* cm*/g deg C, and below 
the transition, the slope is 1.17 10~* cm*/g deg C. The straight 
portions of the curve above and below the transition, extrapolated 
to 20°C, show a volume change due to the transition of 1.23 
percent. 

Renfrew and Lewis’ found a double break in the temperature 
time curves during formation and melting of crystals near 325°C 
and have suggested the possibility of two crystalline phases of 
slightly different melting points. 

Figure 2 shows the lower transition region in greater detail and 
indicates the nonequilibrium character of the transition. Volume- 
temperature curves for uniform rates of change of temperature of 
one degree in five minutes and one degree per hour are shown as 
broken and dashed lines, respectively. 

The solid lines indicate the results of a study of the steady- 
state volumes. The upper solid line connects the values of the 
steady-state volumes of the specimen after it has been cooled 
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Fic, 2. Volume-temperature relationships in the region of the 
room temperature transition in Teflon. 
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rapidly through a 25°C interval to the temperatures indicated; 
similarly, the lower solid line connects the values of the steady- 
state volumes of the specimen after it has been heated through a 
25°C interval. Thermal equilibrium as indicated by the attainment 
of the steady-state volume was reached in about 15 minutes when 
the 25°C interval did not include any part of the transition region. 
A period of about two hours was required for the attainment of the 
steady-state volume after heating or cooling through a 25° interval, 
which included all of the transition region. The longer time was 
required, in part at least, because of the latent heat of transition. 
However, intervals of time up to 60 hours in length were required 
to reach steady-state volumes upon cooling to temperatures 
located within the transition region. These intervals are far greater 
than could be needed for the attainment of thermal equilibrium. 
The length of time required depends on the location of the 
temperature within the transition region. On heating to tempera- 
tures within the transition region, steady-state volumes were 
attained in the length of time (never more than two hours) 
required for temperature equilibrium. 

It should be emphasized that the dimensional changes resulting 
from the room temperature transition must be considered in the 
design of Teflon parts for uses involving close tolerances. 

1H. A. Rigby and C. W. Bunn, Nature 164, 583 (1949). 

2C, E. Weir, National Bureau of Standards (unpublished). 

3M. M. Renfrew and E. E. Lewis, Ind. Eng. Chem. 38, 870 (1946). 


4 W. E. Hanford and R. M. Joyce, J. Am. Chem. Soc. 68, 2082 (1946). 
5 N. Bekkedahl, J. Research Natl. Bur. Standards 43, 145 (1949), RP2016. 





Work-Hardening of Mild Steel by Explosive Attack 


Joun S. RINEHART 


Michelson Laboratory, U. S. Naval Ordnance Test Station, 
Inyokern, China Lake, California 


(Received May 11, 1951) 


APID absorption of the high intensity compressional stress 

wave that is generated in a steel plate by application of an 
explosive charge has been established.! Appearance of at least 
part of this absorbed energy in the form of cold working of the 
metal is to be expected.? Since the initial stress is extremely high, 
about 300,000 atmospheres and of very short duration, two or 
three microseconds,’ it is of considerable interest to observe the 
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Fic. 1. Work-hardening curve for annealed 1020 steel plate. 
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character of the work-hardening that takes place. The fact tha 
the wave is attenuated as it passes through the steel permits 
observations to be made at varying stress levels. 

The hardness data reported here were obtained from mediym 
1020 steel plates, each of which had been acted upon by a thin 
layer of explosive that was detonated on the surface of the plate 
Each plate was sectioned and the Rockwell hardness measured at 
several points across the section. Some of the specimen plates were 
cut from standard, unannealed, large, hot-rolled plates whos 
original hardnesses were not the same but differed by five or six 
points, Rockwell “F.” Annealed plates were used in other tests, 
The thicknesses of the layers of explosives used ranged from } in, 
to 2 in. The steel plates were 2 in. to 3 in. thick. 

The data show that the change in hardness which has resulted 
from passage of the stress wave varies in a characteristic, but not 
simple, manner with the distance the wave has traveled, A 
typical curve that shows the general nature of this variation jg 
plotted in Fig. 1. Initially, the hardness decreases rapidly with 
increasing distance from the explosive. This trend, however, stops 
abruptly; the curve turns sharply, and the hardness remains con. 
stant for a considerable interval. It then begins to decrease more 
or less gradually toward the original hardness of the plate. 

The existence of a plateau in the curve was unexpected. Further, 
it was found that the difference between the hardness level of the 
plateau and that of the parent material was very nearly constant, 
about 10 points, Rockwell “F.” Variations in the thickness of the 
explosive layer seemed to have no effect on the magnitude of the 
change in hardness. Increasing the thickness of the layer of ex. 
plosive merely moved to the right the point at which the plateau 
began. For the }-in. layer of explosive, the plateau began at 
about 0.1 in., for the 2-in. layer, at about 0.5 in. The plateau 
was also somewhat longer for the thicker layers of explosive, 

A number of general conclusions can be drawn as to how the 
change in hardness produced by the stress wave is influenced by 
the original or residual hardness of the parent material, although 
no systematic attempt has been made to investigate this phase 
of the problem. First, the point, with respect to distance, at which 
the plateau begins does not change significantly with original 
plate hardness. Second, the difference between the hardness level 
of the plateau and that of the parent material is constant, about 
10 points, Rockwell “F,” the same as was obsetved when the 
thickness of the explosive layer was changed. Third, high original 
plate hardness shortens the length of the plateau. And fourth, 
the depth in the plate to which a given stress wave will produce 
appreciable work-hardening increases with decreasing original 
plate hardness. 

The abrupt change in slope of the hardness curve and the 
existence of a relatively flat plateau suggest strongly that two 
distinct mechanisms are operative in bringing about the observed 
changes in hardness. Such behavior would be entirely consistent 
with present ideas regarding the mechanics of the work-hardening 
of polycrystalline materials.‘ Upon being heavily etched, each 
section exhibited a thin layer adjacent to the face on which the 
explosive had been detonated that contrasted markedly with the 
remainder of the section. The lower boundary of this layer cor- 
responded in every case with the beginning of the plateau of the 
hardness curve. The region below this layer was characterized by 
the presence of a large number of Neumann bands or shock twins. 

The data and observations are also consistent in general with 
the view that more or less normal plastic flow, i.e., slip, grain 
breakdown, etc., superimposed on shock twinning accounts for 
the increased hardness in the narrow region close to the explosive 
and that shock twinning is mainly responsible for the increase in 
hardness throughout the rest of the plate. It is necessary to make 
certain assumptions in order to support this view and, in particu- 
lar, to explain the occurrence and behavior of the plateau. First, 
there must be a limiting stress or, perhaps, impulse below which 
normal plastic flow will not take place. This assumption Is 2 
substantial agreement with Wood and Clark’s observations’ that 
the time required to initiate plastic flow in mild steel is a function 
of the applied stress. For the time of loading, a few microseconds, 








Ker 
gen 
Wit 


tan 





TA a KP ee ee or ee @& & 


oO 


lor 
ve 


ke 


st, 


ch 


at 
ion 





LETTERS TO 


involved here the stresses must be very high. Second, there must 
be an upper limit to the amount of shock twinning that can occur, 
and this limit will be reached at d stress or impulse considerably 
lower than that required to produce normal plastic flow. Geil 
and Carwile® have observed in their tensile tests of mild steel at 
Jow temperature that there appears to be a limiting amount of 
shock twinning that can occur. This observation is in substantial 
agreement with the first part of the present assumption. Third, 
high initial hardness of the plate tends to raise the stress or impulse 
required to produce shock twinning. 
The occurrence of a plateau in the hardness curve seems to be 
uliar to mild steel. Annealed copper, annealed brass, and 
24S-T4 aluminum alloy have been investigated, but the hardness 
curves for these materials do not show abrupt changes in slope. 
1J. S. Rinehart, J. Appl. Phys. (to be published). 
?In this connection, it is interesting to note that Mr. Norman A. Mac- 
has found that it is commercially feasible to work-harden Hadfield 
steel by explosive attack (private communication). 
3See, for example, R. H. Kent, J. Appl. Phys. 13, 348 (1942), and C. S. 
Robinson, Explosions; Their Anatomy and Destructiveness (McGraw-Hill 
Book Company, Inc., New York, 1944). 
4A. M. Freudenthal, J. Franklin Inst. 248, 6 (253) (1949). 
5D. S. Wood and D. S. Clark “The influence of stress and temperature 
on the time for the initiation of plastic deformation in an annealed low 
carbon steel,”’ Calif. Inst. Tech. Dynamic Properties Laboratory Report 
No. 24418-1, June, 1949. , 
6G. W. Geil and N. L. Carwile, J. Research Natl. Bur. Standards 45, 
129 (1950). 





On Kerr Cell Construction 
W. R. SMYTHE 


California Institute of Technology, Pasadena, California 
(Received April 30, 1951) 


N item in a Letter to the Editor! by J. W. Beams and H. S. 

Horton, together with a recent conversation with a user of 
Kerr cells, suggests that a very simple solution of the inhomo- 
geneous field problem in such cells may have been overlooked. 
With a substance such as nitrobenzene whose specific inductive 
capacity is 36 a cell of small volume is needed to reduce the capaci- 
tance. With plates inside the cell this gives bad fringing electric 
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fields. If, however, the cell is built of insulating material between 
two vertical flat parallel conducting plates, as shown in Fig. 1, 
with all dielectric boundaries either in contact with or normal 
to them, no distortion whatever of the uniform field will be pro- 
duced by these boundaries. This is true because all equipotential 
surfaces parallel the plates and so give no displacement com- 
ponents normal to dielectric boundaries. In the two-dimensional 
case of two parallel semi-infinite thin oppositely charged con- 
ducting plates, the field has attained roughly 99 percent of its 
final value at a distance inside the edge equal to that between 
the plates. Thus for the cubical Kerr cell shown, if the plates 
extend beyond the cell walls for a distance equal to the length of 
a side, the variation in field strength in the liquid should be of 
the order of 1 percent. The flanges, which have 8 times the area 
of the cell but only 1/36 its capacitivity, add roughly 23 percent 
to its capacitance. 


1 J. W. Beams and H. S. Horton, J. Appl. Phys. 22, 523 (1951). 





A Study of Oxide-Coated Cathode by X-Ray 
Diffraction Method 


E1so YAMAKA 
The Electrical Communication Laboratory, Tokyo, Japan 
(Received April 12, 1951) 


O direct measurements of the relation between crystal size 

and thermionic emission of BaO, (BaSr)O, and (BaSrCa)O 

have yet been carried out. It is desirable to make use of a vacuum 

tube in which both the crystal size and the emission can be meas- 

ured simultaneously and directly. A method of cracking a tube 

and dipping a cathode into a protecting wax as done by Eisen- 

stein! is not desirable because this method makes the repetition 
of measurements in the same cathode impossible. 

Recently we have succeeded in making a vacuum tube with 
two mica windows and a movable anode, as shown in Fig. 1, and 
by using this tube the following measurements of the crystal size 
and the emission could be made. In these measurements the mica 
windows are used as entrance and exit ports for the x-ray beam. 
The intensity distribution curve of the (111) Debye-Sherrer line 
is measured by a G-M counter and scale-of-16. The crystal size 
is calculated from the half-line-breadth of the intensity curve 
by the well-known Sherrer equation. The emission is measured 
with pulses in order to minimize heating in the tube. An ionization 
gauge is attached to the test tube. 

The measurements of pressure, emission, and crystal size are 
carried out in succession at several stages during heat treatment 
of the cathode, until both crystal size and emission reach the 
equilibrium values at a temperature (say T;). When the equilib- 
rium is obtained at 7), the cathode is heated again at a higher 
temperature (72) and the measurements are repeated as before. 
Thus we obtain Fig. 2. 
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Fic. 1, Test tube. 
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Fic. 2. Time of heat treatment 2s particle size. 


From the experiments carried out, it was found that a crystal 
size of (BaSr)O is about 200A at 920°C and grows slowly to 
1050°C. At higher temperatures it grows very rapidly, as large 
as 1000A, as shown in Fig. 3. Also it can be mentioned that in the 
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Fic. 3. Temperature of heat treatment vs particle size. 
usual cathode containing impurities, the impurity activation is 
dominant at lower temperatures and the heat treatment dominant 


at higher temperatures. This arises because the curve of logNo/T 
(curve A) is a nearly straight line in contrast to the convex down- 
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ward curvature predicted from the theory? (curve B) of the relation 
between the crystal size and the emission, as seen from Fig, 4 
No is the density of thermionic active centers and is calculated 
from the Richardson curve. 

Similar experiments on BaO and (BaSrCa)O are now in progress 
and the results will be reported later. 

1A, Eisenstein, J. Appl. Phys. 17, 654 (1946). 


2H. Kawamura and others, Electron Emission and Semiconductors (1949) 
(in Japanese), p. 245. 





X-Ray Detection of Long-Range Order in Ni;Mn 


B. L. AVERBACH 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received May 18, 1951) 


AGNETIC and electrical resistivity data have indicated 

the possibility that an ordered structure can be produced 

in the alloy Ni;Mn. However, it is difficult to detect long range 

order in this system, since the intensity of the superstructure lines 

is proportional to (fyi—fmn)*, where fyi and fue are the atomic 

scattering factors, and this factor is quite small for nickel-man- 
ganese alloys. 

A melt containing 25.5 atomic percent manganese (24.3 weight 

percent) was prepared from electrolytic manganese and Mond 
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Fic. 1. Microphotometer trace of diffraction pattern from ordered NisMn. 
FeKa-radiation, fluorite monochromator. 


nickel. The ingot was homogenized at 1000°C, quenched and 
cold reduced 94 percent to a 1.5-mm wire. The specimen was 
ordered by heating to 600°C and cooling at 20°C per hour in the 
range 600—500°C and at 20°C per day in the range 500—300°C. 
Recrystallization also occurred as a result of this treatment and 
the grain size was fine enough to produce smooth x-ray diffraction 
lines. After the ordering treatment the diameter of the wire was 
reduced to 0.5 mm by electro-polishing. 

X-ray diffraction photograms were made with FeKa-radiation 
in a Debye camera of 88.4 diameter. A fluorite crystal cut parallel 
to the (111) planes was used as a monochromator. Such a mono- 
chromator does not diffract the half-wavelength from the con- 
tinuous spectrum, since the structure factor for the (222) planes 
is approximately zero. If this precaution is not taken, a reflection 
for each fundamental line is obtained from the half-wavelength at 
exactly the same Bragg angle as the superstructure reflection from 
the characteristic wavelength. For example, \/2 would diffract 
the (200) and (220) fundamental lines at the same positions as 
» would diffract the (100) and (110) superstructure lines. It thus 
becomes difficult to demonstrate the existence of a superlattice in 
this system where the half-wavelength reflections are about as 
strong as the superlattice lines. The one-third wavelength can 
also be diffracted, but this effect was minimized by operating 
the x-ray tube at 22 kv. The camera was evacuated to reduce aif 
scattering. 

Figure 1 is a microphotometer trace of a film produced by 4 
72-hour exposure under the above conditions. The superstructure 
lines (110), (210), (211) and the combination (300) and (221) 
are clearly visible. The (100) line could be seen, and its position 
determined on the film, but it was too weak to be recorded by the 
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microphotometer. The superstructure lines are consistent with a 
Cu;Au ordered structure and a lattice parameter of approxi- 
mately 3.59A referred to the disordered f.c.c. structure. The 
degree of order is now being measured as a function of temperature 
by a comparison of the relative intensities of the superstructure 
and fundamental lines. 

The specimen used in this work was prepared and made avail- 
able by L. R. Aronin of the M. I. T. Metallurgical Project in con- 
nection with an investigation of nickel-manganese alloys currently 
being performed under AEC Contract No. AT(30-1)-981. 
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Considering for the moment metals only, we can observe that, 
if we assume for T the absolute temperatures, we reach two im- 
portant results, namely: (a) the experimental data may, with 
good approximation, be summarized by the equation, 


AT m=const, (2) 


which has the advantage of a precise physical meaning, i.e., the 
total expansion in percent at the melting point is constant for 
every crystalline network. (b) This constant is characteristic of 
crystal symmetry and grows with symmetry; i.e., metals with 
lower symmetry are the less stable ones for what concerns melting. 
Table I illustrates these statements, which, as may be easily 
seen, have, no doubt, a satisfactory physical basis.2;* Analysis of 
Table I indicates that A7,=2.43+0.44 (mean deviation) for 
b.c.c.; 2.08+0.22 for f.c.c.; 2.05+0.10 for Hex. metals. The 
proximity of values of f.c.c. and Hex. c.p. lattices is, of course, 
obvious, because of the deep similarity of these two structures. 
It is also to be observed that we have used expansion coefficients 
at temperatures very far from the melting point, because of the 


ad 
od Michelson Laboratory, U. S. Naval Ordnance Test Station, 
Re 
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lack of more suitable experimental data; consequently, for metals 


ic ECENTLY Artman and Thompson have reported' a de- with a high melting point defective values may be found for the 

n- pendence of the elastic parameters of beta-brass on compo- constant A7'm characteristic of crystal symmetry; this because 
sition. The writer’s previously determined values* are in general we have not considered the growth of \ with temperature (Fed, 

ht agreement with this observation; however, some uncertainty has Tig, Mo, Ir, Pt, etc.). 

id existed as to the exact composition of the crystals, since only that Taking into account such a limitation, we may verify that, even 


of the stock material was determined. Two of the crystals used in 
' the earlier investigation have been analyzed recently in order to 
remove the uncertainty. A standard wet method was used. The 
analysis is listed in Table I. A small loss of zinc during growth 


for high symmetries, mean values of AT, are separated; and this 
fact, compared with the rapid decrease of the constant for the low 
symmetry classes (tetr., trig.) greatly enhances the opinion that 
the unavoidable scattering of experimental points masks a real 
feature of the phenomenon. This experimental result, that the 
crystalline network melts when it reaches a certain critical linear 
expansion of a few percent depending on symmetry and not on the 
atom, should be able, as we see, to throw some light on the causes 


TABLE I. Analysis of two beta-brass crystals used in author's 
investigation. Numbers are weight percents. 








Stock 



































- of melting. 
Element Crystal 1 Crystal 2 Average material : a 5 . 
: - : — - Finally, it seems interesting to observe that some more remark- 
Tin Nils Nil Nil Nil _ able exceptions are encountered with metals undergoing allo- 
. Lead Nil Nil Nil 0.02 
Iron Nil Nil Nil 0.01 TABLE I, 
1. Aluminum Nil Nil Nil Nil 
Copper 52.55 52.67 52.61 51.78 é anit 
: Melting \TM Mean 
Zinc 47.23 47.15 47.19 48.19» point AT. For the éunan 
nd Undetermined 0.22 0.18 0.20 — Metal Symmetry °K in % class the class 
as Cs b.c.c. 301.5 2.90 , 
he * Trace metals were not quantitatively determined owing to the small Rb b.c.c. 311.5 2.98 
c size of the sample. K b.c.c 335 2.86 
. b By difference. ose , 
nd Na b.c.c. 370.5 2.75 2.43% 0.44 
; Li b.c.c. 459 2.80 oe P 
= of the crystals apparently occurred as predicted by Artman and Fes b.c.c. 1808 2.15 
es Thompson.' The atomic percent copper in the crystals was found Tis b.c.c. 2073 1.89 
to be 53.41 percent, a value somewhat higher than the 52.47 Mo b.c.c. 2893 1.50 P 
- percent reported previously* for the stock material. The increase Ta Rist 576.5 1.66 ) 
in relative copper content is sufficient to explain the observed Pb f.c.c. 600.5 1.71 
» relation of the writer’s results to the other sets of data. Al f.c.c. 933 2.06 
a 1R. A. Artman and D. O. Thompson, J. Appl. Phys. 22, 358 (1951) ps —_ a me 
e * an an . O. Tis son, J. pl. Phys. 22, 
™ J. S, Rinehart, Phys. Rev. 58, 365 (1940). Ag f.c.c. 1233.5 2.32 
on + Reference 2 lists the atomic percent of copper in stock material incor- Au f.c.c. 1334 1.90 L 2.08% 0.22 
at rectly as 52.8, Cu f.c.c. 1356 2.17 ices ‘ 
om Nig f.c.c. 1728 2.36 
act Cop fe2. 1753 2.17 
as Pd fc2. 1826 2.08 
1us On Linear Expansion Coefficient and — —- se 
in Melting Point of Metals . 
as Cd hex. 594 1.87 
= G. BONFIGLIOLI AND G. MONTALENTI Zn hex. 693 2.10 
: Istituto Elettrotecnico Nazionale, Torino, Italy Mg hex. 924 2.18 2.05% 0.10 
. (Received April 9, 1951) Be hex. 1623 2.16 
° P } 0: hex. 2973 1.87 
a recent letter published on the same subject,’ besides other ’ — 
a related questions, it is observed that for some elements of In tetr. 428 1.38 hi 30% 0.05 
: : : Sng tetr. 505 1.22 ne : 
ure monometric system a relation may be assumed between linear 
21) expansion coefficient \ and melting point as follows: Bi trig. 544.5 0.75 
‘on — Sb trig. 903.5 1.18 0.93% 0.12 
the MT m)"*=const, (1) As trig. 1087 0.87 





where T,, is the melting point in °C. 
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tropic changes (Mo, Fe, TI, etc.). It consequently does not seem 
impossible that some “scattered” points relative to metals until 
the present date considered as nonpolymorphic, may hide un- 
known allotropic changes. In this sense the experimental value 
of AT, could be considered as an index of possible transformations. 
Some further remarks should be made: 

(1) Data chosen for A (and probably also values chosen by 
M. E. Straumanis) concern polycrystalline materials. On the con- 
trary every side of the elementary cell has its own total expansion 
at melting point, and it could perhaps be more significant to con- 
sider, for every metal, the smallest of the different expansions. 
It should be of some interest, if the data available on mono- 
crystals were not so few, to verify the effect of this way of plotting 
results. Moreover, it is probable that differences will not be very 
high and such to change radically the above statements. 

(2) The following remarks concern the scattering of various 
values of Table I. 


W—It has not been put therein because, at 950 °K, it transforms 
to WB cubic complex. As a matter of fact, it is believed that 
the normal form is the stable one at melting, if special condi- 
tions are not created. Attention besides is drawn to the fact 
that the value of AJ, constant is in accordance with a lower 
symmetry. 


Cr—A complex cubic structure is probable at high temperature.‘ 
The experimental value confirms this hypothesis. 


Ca—An allotropic transfer above 650°K is probable.® 


Mn—Not marked for the complex allotropic changes jointly 
with great variations of X.® 


Zr—Not marked because of the uncertainty of +700/2500°K 
on Tm.” 


Ru, Cb, Ga, Se, Si, V—Not marked because \ was uncertain or 
unknown. 


Fe—Choosing data from reference 4, p. 427, for \(T) and inte- 
grating to T,, we find AT=2.7 percent; this proves that some 
exceptions to melting at elevated temperature could probably 
be corrected in this way. 


This kind of reasoning, at first sight unjustified if not applied to 
every point of Fig. 1 of reference 4, is, as a matter of fact, not 
so arbitrary, because d\/dT has the same order of magnitude 
for all pure metals, and consequently our correction is expected 
to be significant only for metals melting at high temperature. 


Ir, Pt, Rh—An allotropic transformation is probable for Rh.* 
It is not impossible for the other two elements. 


Pb, Bi—Perhaps low melting temperature and high plasticity 
would give some trouble on determination of \ and evaluation 
of AT, constant. 


In the above remarks, all pure metals have been considered. 


1M. E. Straumanis, J. Appl. Phys. 21, 936 (1950). 

2 Data for Table I have been taken chiefly from: Mott and Jones, Theory 
of the Properties of Metals and Alloys (Cambridge University Press, London, 
1936); and completed, when necessary, with data taken from the Handbook 
of Metals (1948). 

* Elements showing structure variations have been enumerated on the 
basis of their form stable at high temperature. 

4 Handbook of Metals (1948), p. 1135. 

5 See reference 4, p. 1134. 

* See reference 4, p. 1138. 

7 See reference 4, p. 20. 

* See reference 4, p. 195. 
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Nuclear Physics in Europe 


Six of the distinguished European physicists who are coming to 
this country in September will conduct a two-day symposium at _ 
Oak Ridge, Tennessee, on September 13 and 14 on the general 
subject “Nuclear Physics in Europe.” 

Symposium leaders and their subjects are as follows: 

Pi Aan A ema of Rome, “Contribution to the Investiga. 


Professor J. Rotblatt, University of London, ‘Studies of N Proe. 
esses Involving 8-Mev Deuterons by the Photographic Method 


Professor R. E. Peierls, University of Birmingham, “‘ Probl clear 
Forces and Nuclear Structure.” on y 


Professor S. Devons, Imperial College of Science and T, nology, 
London, “ Projected Experiments on Gamma-Emission.” = ' 


Professor P. Huber, University of Basel, “‘Elastic Scatteri 
Neutrons from Various Light Elements.” ring of Fang 


Professor J. Mattauch, University of Bern, ‘‘ Problems of Modern Mass 7 
Spectrometry.” 


The Oak Ridge symposium is unrestricted in nature, and all 
interested physicists and others are invited to attend. 

Additional information may be obtained from the University 
Relations Division, Oak Ridge Institute of Nuclear Studies, 
P. O. Box 117, Oak Ridge, Tennessee. 





1951 Awards for Essays on Gravity 


NSTEAD of seven awards, as in 1950, we are now offering 
eight awards for short essays with the following six stipula- 
tions. 

(1) These eight awards will be made by us on November 23, 
1951, for the best 1500-word essays* (a) on the possibilities of 
discovering some partial insulator, reflector, or absorber of gravity, 
or (b) on the possibilities of discovering some alloy, the atoms of 
which can be agitated or rearranged by gravity tension to throw 
off heat, or (c) on the possibilities of discovering some alloy the 
temperature of which can be affected by gravity waves. 

(2) The first award will be $1000.00. The second award will be } 
$400.00. The third award will be $200.00. The fourth award will — 
be $150.00. There will also be four $100.00 awards. 

(3) Essays must be received at this office before October 15, 
1951. They will be accepted from anyone who is seriously inter- 
ested in the application of gravity to practical uses for the benefit ” 
of humanity. 

(4) All essays must be typewritten on paper 118} inches, 
with two carbon copies. 

(5) Those who have submitted essays in previous years, but 
received neither First nor Second Awards, are free to compete 
again. 

(6) The decision of the Trustees will be final, and all essays © 
and copies will become the property of the Foundation. 

Address: 
GRAVITY RESEARCH FOUNDATION, 
New Boston, NEw HAMPSHIRE 
GeEorGE M. RmEouT, PRESIDENT 


* It may be less than 1500 words; but if more the judges have the right 
not to accept same. 





